Pro-unipotent harmonic actions and a computation of $p$-adic cyclotomic
  multiple zeta values by Jarossay, David
ar
X
iv
:1
50
1.
04
89
3v
5 
 [m
ath
.N
T]
  1
7 D
ec
 20
18
PRO-UNIPOTENT HARMONIC ACTIONS AND A COMPUTATION OF p-ADIC
CYCLOTOMIC MULTIPLE ZETA VALUES
DAVID JAROSSAY
Abstract. This paper gives foundations of a theory of p-adic cyclotomic multiple zeta values by explicit
formulas, and a new notion called pro-unipotent harmonic actions. We prove formulas which express
p-adic cyclotomic multiple zeta values in terms of certain cyclotomic multiple harmonic sums and vice-
versa ; these formulas keep track of the motivic Galois action via the pro-unipotent harmonic actions.
The proof uses the main result of [J I-1]. One of the formulas proves a conjecture of Akagi, Hirose and
Yasuda which sheds light on the finite multiple zeta values of Kaneko and Zagier.
This is Part I-2 of p-adic cyclotomic multiple zeta values and p-adic pro-unipotent harmonic actions.
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0. Introduction
0.1. Complex and p-adic cyclotomic multiple zeta values. Cyclotomic multiple zeta values, ab-
breviated as MZVµN ’s, where we fix a positive integer N , are the following complex numbers : for any
positive integers d and ni (1 6 i 6 d) and N -th roots of unity ξi (1 6 i 6 d) such that (ξd, nd) 6= (1, 1) :
(0.1.1) ζ
(
(ni)d; (ξi)d
)
=
∑
0<m1<...<md
(
ξ2
ξ1
)m1
. . .
(
1
ξ˜d
)md
mn11 . . .m
nd
d
.
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Here n = nd+. . .+n1 resp. d is called the weight, resp. the depth of
(
(ni)d; (ξi)d
)
=
(
n1, . . . , nd; ξ1, . . . , ξd
)
.
One has the following integral formula, where we denote the sequence (0, . . . , 0︸ ︷︷ ︸
nd−1
, ξd, . . . , 0, . . . , 0︸ ︷︷ ︸
n1−1
, ξ1) by
(ǫn, . . . , ǫ1) :
(0.1.2) ζ
(
(ni)d; (ξi)d
)
= (−1)d
∫ 1
tn=0
dtn
tn − ǫn
∫ tn
tn−1=0
. . .
∫ t2
t1=0
dt1
t1 − ǫ1
.
Equation (0.1.2) shows that cyclotomic multiple zeta values are Betti-De Rham periods of the pro-
unipotent fundamental groupoid (πun1 ) of P
1 \ {0, µN ,∞} ([DG], §5.16).
Let p be a prime number which does not divide N , and let K be the extension of Qp generated
by a primitive N -th root of unity. p-adic cyclotomic multiple zeta values (pMZVµN ’s) are numbers
ζp,α
(
(ni)d; (ξi)d
)
∈ K defined as p-adic analogues of the integrals (0.1.2), where α is any non-zero integer
([DG], [Yam], [U1], [U2], [J I-1] Definition 1.2.2). A different but equivalent notion ([F1], [F2], [Yam])
defines p-adic cyclotomic multiple zeta values ζKZp
(
(ni)d; (ξi)d
)
∈ K as the Coleman integrals analogous
to (0.1.2). These definitions do not come with an explicit formula. Both notions of p-adic integrals
refer to the Frobenius structure of the KZ differential equation on P1 \ {0, µN ,∞} (1.1.1) which is the
connection canonically associated with πun,DR1 (P
1 \ {0, µN ,∞}) in the sense of [D]. That Frobenius
structure characterizes the crystalline resp. rigid pro-unipotent fundamental groupoid of P1 \ {0, µN ,∞}
in the sense of [D] §13.6, [S1] [S2], resp. [CL].
By [Yam], pMZVµN ’s are reductions of the periods associated with the crystalline pro-unipotent
fundamental groupoid of P1 \ {0, µN ,∞}.
0.2. The question of computing p-adic cyclotomic multiple zeta values. The question of finding
a convenient p-adic analogue of (0.1.1), which would be an explicit formula, has been raised first by
Deligne in 2002 in the N = 1 case and appears in [DG], §5.28. In the complex case, equation (0.1.1) can
be viewed as the value at z = 1 of the power series expansion at 0 of multiple polylogarithms, which are
solutions to the KZ equation : for any positive integers d and ni (1 6 i 6 d) and for any roots of unity
ξi (1 6 i 6 d), for z ∈ C such that |z| < 1,
(0.2.1) Li
(
(ni)d; (ξi)d
)
(z) =
∑
0<m1<...<md
(
ξ2
ξ1
)m1
. . .
(
z
ξd
)md
mn11 . . .m
nd
d
.
In the p-adic case, one has p-adic multiple polylogarithms, defined by Coleman integration ([F1] [F2]
[Yam]), solutions to the KZ equation and also admitting (0.2.1) as a power series expansion at 0. Thus, a
p-adic analogue of (0.1.1) would mean a formula for pMZVµN ’s in terms of the coefficients of the power
series expansion (0.2.1) ; for us, this will mean in terms of the weighted multiple harmonic sums (let m
be a positive integer) :
(0.2.2) harm
(
(ni)d; (ξi)d+1
)
= mnd+...+n1
∑
0<m1<...<md<m
(
ξ2
ξ1
)m1
. . .
( ξd+1
ξd
)md( 1
ξd+1
)m
mn11 . . .m
nd
d
.
The power series expansion in (0.2.1) converges for z ∈ Cp such that |z|p < 1. However, Cp is totally
disconnected and one cannot take the limit of (0.2.1) when z → 1 in Cp. This is what makes not
immediate to find a p-adic analogue of (0.1.1).
The overconvergence of the Frobenius of the KZ equation provides a certain substitute to the operation
lim
z→1
in (0.2.1), and gives a sort of p-adic analogue of (0.1.1). This has been used in [U1], [U2], [U3], [U4].
However, the formulas obtained are very recursive and it seems difficult to read them and use them,
because it requires to deal with the differential equation satisfied by the Frobenius (equation (1.1.8)),
which is complicated combinatorially.
A hope for the existence of simpler formulas for pMZVµN ’s is provided by Kaneko-Zagier’s work on
finite multiple zeta values and the conjecture of Akagi-Hirose-Yasuda inspired by that work (see §0.3 and
§0.4 for details) ; it is also motivated by a question asked by Deligne and Goncharov ([DG], §5.28). We
propose in this paper a realization of this hope. This opens an explicit theory of pMZVµN ’s.
The starting point is the observation that the equation satisfied by the Frobenius (1.1.8) is surprisingly
constant with respect to one of its parameters when reformulated in a convenient way (Proposition 2.1.2).
Combined with the bound on the norm of the Frobenius given by the main result of [J I-1], this leads us
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to a big simplification of this equation (Lemma 2.1.3), which will allow us to compute pMZVµN ’s in a
different way.
0.3. Summary of the paper. We are going to work not in terms of each pMZVµN , but in terms of
their non-commutative generating series Φp,α (equation (1.1.6)) which is a K-point of the affine scheme
Π1,0 = π
un,DR
1 (P
1 \ {0, µN ,∞},−~11,~10), and we will encode our computation by a new structure on
πun,DR1 (P
1 \ {0, µN ,∞}). This structure will keep track of the motivic Galois theory. In the complex
setting, MZVµN ’s are periods and their non-commutative generating series represents a point of a torsor
under the motivic Galois group of a Tannakian category of mixed Tate motives. In the p-adic setting,
the situation is different : the generating series of pMZVµN ’s represents a point of that motivic Galois
group. Our computation will keep track of this feature as follows.
With the simplification evoked in §0.3, we will replace the Frobenius by a simpler variant which we
will call the harmonic Frobenius of integrals (Definition 2.3.5), which we will view as an operation on the
space of the weighted multiple harmonic sums (0.2.2). The passage from the Frobenius to the harmonic
Frobenius will be lifted to a passage from the Ihara action, which is a byproduct of the motivic Galois
action useful to express the Frobenius (equation (1.1.3)) to a new object, the pro-unipotent harmonic
action of integrals ◦∫har (Definition 2.2.2). We will construct a torsor under ◦
∫
har and we will characterize
pMZVµN ’s in terms of the action ◦
∫
har on this torsor.
The definition of ◦∫har, which is not an algebraic operation but involves infinite summations, will be
prepared by §1, where we will make out of πun,DR1 (X), which is a groupoid in pro-affine schemes over
X , a groupoid in complete ultrametric K-algebras (Proposition 1.3.5), whose topologies are induced by
certain norms (Definition 1.3.2), and which includes a notion of “summable elements” (Definition 1.3.1).
In §4 we construct a harmonic Frobenius of series on weighted multiple harmonic sums (Definition
4.3.3) in an elementary way using explicit sums of series (Definition 4.3.3). It involves to define a pro-
unipotent harmonic action of series ◦Σhar (Proposition-Definition 4.3.1). The construction involves a
notion called localized multiple harmonic sums, which is introduced and studied as a preliminary in §3
(Definition 3.1.4).
Having obtained two expressions of the harmonic Frobenius, it remains to say that they are equal.
This is the purpose of §5. We define maps of comparison between series and integrals, comp∫ Σ and
compΣ ∫ (Definition 5.1.2, Definition 5.1.3). We show that they enable to relate ◦∫har and ◦
Σ
har.
Below, the ex’s where x ∈ {0}∪µN(K) are generators of the Lie algebra of π
un,DR
1 (P
1 \{0, µN ,∞},~10)
and harN, harpαN, harpα , har
(pα)
N
are non-commutative generating series of weighted multiple harmonic
sums (Definition 3.1.2). The main result is the following :
Theorem.
(i) (integrals) The p-adic pro-unipotent harmonic action of integrals is a continuous group action, there
exists a torsor for ◦∫har containing har
(pα)
N
, and we have
(0.3.1) harpαN =
(
Ad
Φ
(ξ)
p,α
(eξ)
)
ξ∈µN (K)
◦∫har har
(pα)
N
.
(ii) (series) The p-adic pro-unipotent harmonic action of series is continuous and we have
(0.3.2) harpαN = harpα ◦
Σ
har har
(pα)
N
(iii) (comparison between integrals and series) The maps of comparison satisfy, for h in the orbit of
har
(pα)
N
, and for any g,
(0.3.3) g ◦∫har comp
∫ Σ h = g ◦Σhar h,
and
(0.3.4) compΣ ∫ ◦ comp∫ Σ = id,
(0.3.5)
(
Ad
Φ
(ξ)
p,α
(eξ)
)
ξ∈µN (K)
= comp∫ Σ(harpα),
(0.3.6) harpα = comp
Σ ∫
(
Ad
Φ
(ξ)
p,α
(eξ)
)
ξ∈µN (K)
.
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The simplest terms of equations (0.3.1) and (0.3.2) (depth ≤ 2, in N = 1 case) are written explicitly
without the combinatorial tools used in this paper, respectively by Example 2.2.3 and Example 4.3.2.
Equation (0.3.5) is an expression of pMZVµN ’s in terms of prime weighted cyclotomic multiple harmonic
sums, i.e. the numbers (0.2.2) withm = pα. Its explicit version can be obtained by combining the formulas
of Proposition-Definition 4.1.4 and Proposition 4.2.8. Equation (0.3.6) is an expression of prime weighted
cyclotomic multiple harmonic sums in terms of pMZVµN ’s. Equation (0.3.6) is actually a particular case
of equation (0.3.1), via the fact that all multiple harmonic sums har1(w), being an iterated sums as in
(0.2.2) on an empty domain of summation, vanish ; it is also obtained by joining (0.3.4) and (0.3.5).
The explicit version of equation (0.3.6) is the following (the notation ζ
(ξ)
p,α is introduced in §1.1.3 ; see
also Notation 1.1.1) :
(0.3.7) harpα
(
(ni)d; (ξi)d+1
)
= (−1)d
∑
ξ∈µN (K)
ξ−p
α(
Φ(ξ)p,α
−1
eξΦ
(ξ)
p,α
)[ 1
1− e0
eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1
]
=
d∑
d′=0
∞∑
ld′+1,...,ld=0
ξp
α
d−d′+1
( d∏
i=d′+1
(−1)ni
(
−ni
li
))
ζ
(ξd′+1)
p,α
(
(nd′+i)d−d′ ; (ξd′+1+i)d−d′
)
ζ
(ξd′+1)
p,α
(
(ni)d′ ; (ξi)d′
)
,
in particular, in the case of P1 \ {0, 1,∞},
(0.3.8) harpα(n1, . . . , nd) = (−1)
d(Φ−1p,αe1Φp,α)
[
1
1− e0
e1e
nd−1
0 e1 . . . e
n1−1
0 e1
]
=
d∑
d′=0
∞∑
ld′+1,...,ld=0
( d∏
i=d′
(−1)ni
(
−ni
li
))
ζp,α(nd + ld, . . . , nd′+1 + ld′+1)ζp,α(n1, . . . , nd′).
The case α = 1, N = 1 and depth 1 of equation (0.3.2) was known by Boyd ([B], Theorem 5.2). The
case α = 1 and d = 1 of equation (0.3.8) was known by a result of Washington ([W], Theorem 1 (a))
combined to a result of Coleman [Co] (equation 4 p. 173). Akagi, Hirose and Yasuda had conjectured
the α = 1 case of equation (0.3.8) and M. Hirose had proved it for α = 1 and d = 2 [Yas].
0.4. Consequences of the main result. The main result and the notion of pro-unipotent harmonic
action are the foundation of an explicit version of the Galois theory of pMZVµN ’s, which we will develop
in several subsequent papers, including [J I-3], [J II-1], [J II-2], [J II-3]. Here is also an application
of equation (0.3.8), due to Akagi-Hirose-Yasuda [AHY]. Let P be the set of prime numbers, and let( ∏
p∈P
Z/pZ
)
/
(⊕
p∈P
Z/pZ
)
be the ring of integers modulo infinitely large primes [Ko], which is a Q-algebra.
Kaneko and Zagier [KZ] denote it by A (another notation would be Z/p→∞). Zagier defines finite multiple
zeta values (fMZV’s) as the numbers ζA(n1, . . . , nd) =
( ∑
0<m1<...<md<p
1
mn11 . . .m
nd
d
mod p
)
p∈P
∈ A,
(where d and the ni’s are any positive integers). Kaneko and Zagier conjecture that there is an explicit
isomorphism of Q-algebras Q[fMZV’s]
∼
−→ Q[MZV’s]/(ζ(2)) given by :
(0.4.1) ζA(n1, . . . , nd) 7→
d∑
d′=0
(−1)nd+...+nd′+1ζ(n1, . . . , nd′)ζ(nd, . . . , nd′+1) mod ζ(2).
Akagi, Hirose and Yasuda have combined equation (0.3.8) with an integrality property of pMZV’s [AHY]
[C] to obtain that fMZV’s are the reduction modulo large primes of a convenient p-adic analogue of the
right-hand side in (0.4.1). This implies that the dimensions of spaces of fMZV’s of a given weight are
upper-bounded by the corresponding dimensions of the motivic Galois group, and that Kaneko-Zagier’s
conjecture, which amounts to the equality in that upper bound, is also reduced to the conjecture of
injectivity of the map of “reduction modulo infinitely large primes” of pMZV’s ; in particular : the Galois
theory of periods applies to fMZV’s as if they were periods.
Acknowledgements. This work has been done at Université Paris Diderot with the support of ERC
grant 257638, then has been extended and revised at Université de Strasbourg with the support of Labex
IRMIA and at Université de Genève with the support of NCCR SwissMAP. I thank Seidai Yasuda
and Francis Brown for having transmitted to me [Yas] which contained the statement of the conjecture
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1. Setting for the pro-unipotent harmonic action of integrals
This section is a prerequisite for §2. We review the combinatorics of some operations on πun1 (P
1 \
{0, µN ,∞}), and we define a few operations and a topological structure on π
un,DR
1 (P
1 \ {0, µN ,∞})(K).
In all this paper we denote by N resp. N∗ the set of nonnegative resp. positive integers.
1.1. Review on πun1 (P
1 \ {0, µN ,∞}), and an adjoint Ihara action.
1.1.1. The De Rham unipotent fundamental groupoid of P1 \ {0, µN ,∞}. Let X be P1 \ {0, µN ,∞} over
a field K of characteristic 0 containing a primitive N -th root of unity. Let πun,DR1 (X) be the De Rham
realization of the unipotent fundamental groupoid of X ([D], §10.27, §10.30,(ii)). It is a groupoid in
pro-affine schemes on X . Its base-points are the points of X , the tangential base-points of X i.e. the
non-zero tangent vectors ~vx at a point x ∈ {0} ∪ µN (K) ∪ {∞}, ([D], §15) and the canonical base-point
ωDR ([D], (12.4.1)).
Let e0∪µN be the alphabet {ex | x ∈ {0} ∪ µN (K)}. Let O
x be the shuffle Hopf algebra on e0∪µN .
It is a Hopf algebra over Q whose underlying vector space admits as a basis the set of words on e0∪µN ,
including the empty word, and whose product is the shuffle product of words on e0∪µN , denoted by x.
The weight of a word on e0∪µN is its number of letters. We usually write a word on e0∪µN in the form
end−10 eξd . . . e
n1−1
0 eξ1e
n0−1
0 where d and the ni’s (0 6 i 6 d) are positive integers and the ξi’s (1 6 i 6 d)
are N -th roots of unity. For most computations it is sufficient to consider the words such that n0 = 1.
The depth of a word w on e0∪µN is its number d of letters distinct from e0.
The pro-unipotent affine group scheme πun,DR1 (X,ωDR) is canonically isomorphic to Spec(O
x,e0∪µN )
(by [D], §12.9). Let K〈〈e0∪µN 〉〉 be the non-commutative K-algebra of formal power series with variables
the letters of e0∪µN and coefficients in K.
Notation 1.1.1. An element f ofK〈〈e0∪µN 〉〉 can be written in a unique way as f =
∑
w word on e0∪µN
f [w]w
i.e. for any word w on e0∪µN , we denote by f [w] ∈ K the coefficient of w in f .
We have a canonical inclusion πun,DR1 (X,ωDR)(K) ⊂ K〈〈e0∪µN 〉〉, whose image is the group of formal
power series f satisfying f [∅] = 1 and the shuffle equation, i.e. f [w x w′] = f [w]f [w′] for all words w,w′
on e0∪µN .
For any base-points x, y, the scheme πun,DR1 (X, y, x) is canonically isomorphic to π
un,DR
1 (X,ωDR)
and these isomorphisms are compatible with the groupoid maps πun,DR1 (X, z, y) × π
un,DR
1 (X, y, x) →
πun,DR1 (X, z, x) ([D] §12). The image of 1 ∈ π
un,DR
1 (X,ωDR)(K) in π
un,DR
1 (X, y, x)(K) is denoted by y1x,
and called the canonical path from x to y.
The KZ connection on P1 \ {0, µN ,∞} is the connection on π
un,DR
1 (X,ωDR) × X defined as follows
([D], §12.4) :
(1.1.1) ∇KZ : f 7→ df −
(
dz
z
e0 +
∑
ξ∈µN (K)
dz
z − ξ
eξ
)
f.
Notation 1.1.2. (i) ([DG], §5) For all base-points x, y, let Πy,x = π
un,DR
1 (P
1 \ {0, µN ,∞}, y, x). For
x, y ∈ {0} ∪ µN (K), let Πy,x = Π~1y,~1x . Let Π = π
un,DR
1 (P
1 \ {0, µN ,∞}, ωDR).
(ii) For any point g ∈ Π1,0(K), let g(ξ) be the element of Πξ,0(K) obtained from g by functoriality of
πun,DR1 with respect to the automorphism x 7→ ξx of X . We will sometimes identify g and the sequence
(g(ξ))ξ∈µN (K).
1.1.2. Some byproducts of the motivic Galois action on πun,DR1 (P
1\{0, µN ,∞}). The operations reviewed
below will be used to express the pro-unipotent harmonic actions.
Let Gω be the motivic Galois group defined as the Tannakian group associated with the category of
mixed Tate motives over the N -th cyclotomic field which are unramified at primes p prime to N ([DG],
§1.6) and the canonical fiber functor ω ([DG], §1.1). We have Gω = Gm⋉Uω, where Uω is a pro-unipotent
algebraic group ([DG], §2.1.2).
By [DG] §5, Gω acts on Π1,0, and this action encodes the motivic Galois theory of MZVµN ’s. By
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[Yam], it also encodes the motivic Galois theory of pMZVµN ’s, with the only difference that the p-adic
analogue of ζ(2) is zero. This action is described as follows. The action of Gm on Π1,0, and more generally,
on any πun,DR1 (X, y, x), is given by
(1.1.2) τ :
Gm × π
un,DR
1 (X, y, x)→ π
un,DR
1 (X, y, x)(
λ, f(e0, (eξ)ξ∈µN (K))
)
7→ f(λe0, (λeξ)ξ∈µN (K))
i.e. applying τ(λ) multiplies the terms of weight n of an element f by λn, for all n. We will also denote
by τ the action on K〈〈e0∪µN 〉〉 defined in the same way. The action of Uω on Π1,0 makes Π1,0 into a
torsor under a quotient Vω of Uω ([DG], §5.12), in such a way that the isomorphism of schemes Vω ≃ Π1,0
obtained by choosing the canonical path ~111~10 of Π1,0 (in the sense reviewed in §1.1.1) identifies the
action of Vω with
(1.1.3) ◦∫1,0 :
Π1,0 ×Π1,0 → Π1,0
(g, f) 7→ g ◦∫1,0 f = g(e0, (eξ)ξ∈µN (K))× f
(
e0, (Adg(ξ)(eξ))ξ∈µN (K)
)
where, because of our convention of reading the multiplication of the groupoid πun,DR1 (X) from the
right to the left, we take the convention that Ad(eξ) is f 7→ f
−1eξf . The group law ◦
∫1,0 is sometimes
called the twisted Magnus product, or the Ihara product or the Ihara action, at the base-points (~11,~10)
(our notation ◦∫1,0 is not standard). It induces a group law ◦ξ,0 on Π∫ξ,0 for all ξ ∈ µN (K), by functoriality
of πun,DR1 . By the same isomorphism Vω ≃ Π1,0, the action of Vω on Π0,0 induced by the motivic Galois
action on Π0,0 is identified with
(1.1.4) ◦∫0,0 :
Π1,0 ×Π0,0 → Π0,0
(g, f) 7→ g ◦∫0,0 f = f
(
e0, (Adg(ξ)(eξ))ξ∈µN (K)
)
which we call the Ihara action at the base-point ~10.
We now introduce a push-forward by Ad(e1) of the actions ◦
∫1,0 and ◦∫0,0 :
Definition 1.1.3. (i) Let the adjoint Ihara action at the base-points (~11,~10) be the map ◦
∫1,0
Ad : AdΠ1,0(e1)×
AdΠ1,0(e1)→ AdΠ1,0(e1), (g, f) 7→ f(e0, (g
(ξ))ξ∈µN (K)).
(ii) Let the adjoint Ihara action at the base-point ~10 be the map ◦
∫0,0
Ad : AdΠ1,0(e1)×Π0,0 → Π0,0, (h, f) 7→
f(e0, (h
(ξ))ξ∈µN (K)). We will also denote by ◦
∫0,0
Ad the map K〈〈e0∪µN 〉〉 ×K〈〈e0∪µN 〉〉 → K〈〈e0∪µN 〉〉 de-
fined by the same formula.
Proposition 1.1.4. (i) (AdΠ1,0(e1), ◦
∫1,0
Ad ) is a group scheme such that Ad(e1) is an morphism of group
schemes (Π1,0, ◦
∫1,0) 7→ (AdΠ1,0(e1), ◦
∫1,0
Ad ).
(ii) ◦
∫0,0
Ad is an algebraic group action of (AdΠ1,0(e1), ◦
∫1,0
Ad ) such that Ad(e1) induces a morphism ◦
∫0,0 7→
◦
∫0,0
Ad of algebraic group actions.
Proof. Follows directly from the formulas and from the fact that the composition of non-commutative
formal power series is associative. 
1.1.3. The Frobenius of πun,DR1 (X). Let us now assume that K is the extension of Qp generated by
a primitive N -th root of unity, where p is a prime number which does not divide N . Let φ be the
crystalline Frobenius of πun,DR1 (X) in the sense of [D], §13. Let σ be the Frobenius automorphism of K,
which generates the Galois group of K/Qp. It induces an automorphism of K〈〈e0∪µN 〉〉 which we also
denote by σ. Let a positive integer α. The map τ(pα) ◦ φα at base-points (~10,~11) is of the form
(1.1.5) τ(pα) ◦ φα :
Π
(pα)
1,0 (K)→ Π1,0(K)
f 7→ Φp,α ◦
∫1,0 σα(f)
where Π
(pα)
1,0 is the pull-back of Π1,0 by σ
α, and
(1.1.6) Φp,α = τ(p
α) ◦ φα(~111
(pα)
~10
) ∈ Π
(pα)
1,0 (K).
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The numbers
(1.1.7) ζp,α
(
(ni)d : (ξi)d
)
= (−1)dΦp,α[e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] ∈ K
with d and the ni’s (1 6 i 6 d) positive integers and the ξi’s (1 6 i 6 d) N -th roots of unity, are p-adic
cyclotomic multiple zeta values. If N = 1, they are p-adic multiple zeta values. We also denote, for any
ξ ∈ µN (K) and word w on e0∪µN , by ζ
(ξ)
p,α(w) = Φ
(ξ)
p,α[w], where Φ
(ξ)
p,α is in the sense of Notation 1.1.2 (ii).
Let the affinoid rigid analytic space Uan = P1,an \ ∪
ξ∈µN (K)
B(ξ, 1) over K, where B(ξ, 1) is the open
ball of center ξ and radius 1. Let, on that space, Li†p,α(z) = τ(p
α)φα(z1~10). The coefficients Li
†
p,α[w]
are overconvergent analytic functions on Uan called overconvergent p-adic multiple polylogarithms. Let
X(p
α) be the pull-back of X by σα. Let logp be any determination of the p-adic logarithm. Let Li
KZ
p,X ,
resp. LiKZp,X(pα) ([F1] for N = 1, [Yam] for any N) be the non-commutative generating series of Coleman
functions on X , resp. X(p
α), which is a horizontal section of∇KZ (1.1.1), resp. of the pull-back of ∇KZ by
σα, with the asymptotics LiKZp,X(z) ∼
z→0
ee0 logp(z), resp. LiKZp,X(pα)(z) ∼z→0
ee0 logp(z). We have the following
equation on Uan ([J I-1], Proposition 2.2.21) :
(1.1.8)
Li†p,α(z)
(
e0, (eξ)ξ∈µN (K)
)
LiKZp,X(pα)(z
pα)
(
e0, (AdΦ(ξ)p,α
(eξ))ξ∈µN (K)
)
= LiKZp,X(z)
(
pαe0, (p
αeξ)ξ∈µN (K)
)
,
which is equivalent to a differential equation satisfied by Li†p,α with Li
†
p,α(0) = 1 ([J I-1], Proposition
2.1.3) and which characterizes the Frobenius.
1.2. Duals of some usual operations on Π1,0. We discuss the combinatorics of some usual operations
which appeared above, in particular with respect to the depth filtration.
Definition 1.2.1. For any ξ ∈ µN (K), let Π˜ξ,0 be the subscheme of Πξ,0 defined by the equations
f [e0] = f [eξ] = 0.
By the shuffle equation, the points of Π˜ξ,0 satisfy more generally f [e
n
0 ] = f [e
n
ξ ] = 0 for any n > 0. It
follows from the definitions that Π˜ξ,0 is a sub-group scheme of Πξ,0 for the usual group scheme structure
on Πξ,0 and that Π˜ξ,0 is the image of Π˜1,0 by the automorphism (x 7→ ξx)∗ of π
un,DR
1 (P
1 \ {0, µN ,∞}).
We have Φ
(ξ)
p,α ∈ Π˜ξ,0(K) ([U4], equation (4.1.3) and Proposition 4.3.1 in the α = −1 case ; the same
proof works for any α).
For any ξ ∈ µN (K), one has the implication feξ = eξf ⇒ f ∈ K〈〈eξ〉〉, for f ∈ K〈〈e0∪µN 〉〉 ; it follows
that Ad(eξ) restricted to Π˜ξ,0(K) is injective.
Definition 1.2.2. Let w be a word on e0∪µN .
(i) Let SubWd(w) be the set of subwords of w that contain all the letters of w that are not e0.
(ii) Let sw ∈ SubWd(w). A connected partition (swj)j∈J of sw is a partition of sw, viewed as the set of
its letters, in subwords as sw = ∐j∈Jswj , such that the letters of each swj are consecutive in sw (we will
say that each swj is connected in sw), and such that at least one letter of each swj is not e0.
(iii) We say that a subword sw ∈ SubWd(w) is maximally at the left of w if it contains the first letter
different from e0 in w (where words over e0∪µN are read from the right to the left).
(iv) A coloring of a connected partition (swi)i∈I of an element sw of SubWd(w) is a map I 7→ µN (K),
which we will denote by i 7→ ξj(i).
(v) Let sw ∈ SubWd(w), (swi)i∈I a connected partition of sw and C = (ξj(i))i∈I be a coloring of (swi)i∈I .
We call the quotient of w by the partitioned subword sw = ∐i∈Iswi colored in C the word obtained by
replacing, in w, each subword swi by the letter eξj(i) ; we denote it by
w
((swi)i∈I ,C)
.
Let Wd(e0∪µN ) be the set of words on e0∪µN . For any non-negative integers n, d, let Wdn(e0∪µN ), resp.
Wd∗,d(e0∪µN ), resp. Wdn,d(e0∪µN ) = Wdn(e0∪µN )∩Wd∗,d(e0∪µN ) be the subset of Wd(e0∪µN ) consisting
of the words of weight n, resp. of depth d, resp. of weight n and depth d, on e0∪µN ; let O
x
n , O
x
∗,d, O
x
n,d
be the vector subspaces of Ox generated respectively by these sets, and let ZO
x
n , ZO
x
∗,d, ZO
x
n,d be their
restriction of scalars to Z.
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Proposition 1.2.3. Let (n, d) ∈ N2 with d 6 n.
(i) For any ξ ∈ µN (K), the dual of ◦
∫ξ,0 restricted to Π˜ξ,0, resp. of ◦
∫ξ,0
Ad restricted to AdΠ˜ξ,0(eξ), sends :
ZOxn,d →
⊕
n1+n2−1=n
d1+d2−1=d
ZOxn1,d1 ⊗ ZO
x
n2,d2
.
(ii) For any ξ ∈ µN (K), the dual of the map of inversion for the product ◦
∫ξ,0 , resp. ◦
∫ξ,0
Ad , sends
ZOxn,d 7→ ZO
x
n,d.
(iii) The action ◦∫0,0 , resp. ◦
∫0,0
Ad , restricted to an action of Π˜1,0, resp. of AdΠ˜1,0(e1), sends ZO
x
n,d →⊕
n1+n2−1=n
d1+d2−1=d
Z.ZOxn1,d1 ⊗ ZO
x
n2,d2
.
Proof. The result follows from the facts below and the formulas of equation (1.1.3), (1.1.4) and of Defi-
nition 1.1.3.
(a) the product (g, f) 7→ fg, whose dual sends ZOxn,d 7→
⊕
n1+n2=n
d1+d2=d
ZOxn1,d1 ⊗ ZO
x
n2,d2
.
(b) The isomorphism Π1,0 7→ Πξ,0 f 7→ f
(ξ), whose dual sends ZO
x
n,d 7→ ZO
x
n,d and commutes with the
Ihara product and the adjoint action.
(c) The composition of non-commutative formal power series ; let f in K〈〈e0∪µN 〉〉, and (hξ)ξ∈µN (K)
in K〈〈e0∪µN 〉〉
N , such that hξ[∅] = 0, and f [en0 ] = hξ[e
n
0 ] = 0 for any ξ ∈ µN (K) and any positive integer
n ; we have
f
(
e0, (hξ)ξ∈µN (K)
)
= f [∅]+∑
d∈N∗
(n0,...,nd)∈(N
∗)d+1
ξ1,...,ξd∈µN (K)
d
f [end−10 eξd . . . eξ1e
n0−1
0 ]e
nd−1
0
( ∑
wd∈Wd(e0∪µN )
hξd [wd]wd
)
. . .
( ∑
w1∈Wd(e0∪µN )
hξ1 [w1]w1
)
en0−10
and rewriting the right-hand side in that equation as a sum indexed by the words on e0∪µN , we obtain,
for any word w,
(1.2.1)
f(e0, (hξ)ξ∈µN (K))[w] = f [∅] +
∑
sw∈SubWd(w)
∑
(swi)i∈I
connected
partition
of sw
∑
C=(ξj(i))i∈I
coloring of
(swj)i∈I
(∏
i∈I
hξi(j) [swi]
)
f
[ w
((swi)i∈I , C)
]
.
We check that, for any w ∈Wd(e0∪µN ), sw ∈ SubWd(w), (swi)i∈I connected partition of sw, and C col-
oring of (swi)i∈I , we have depth(
w
((swi)I∈I ,C)
) = depth(w)−
∑
i∈I
(depth(wi)−1), and weight(
w
((swi)I∈I ,C)
) =
weight(w) −
∑
i∈I
(weight(wi)− 1). Let us assume that there exists g ∈ Π˜1,0(K) such that hξ = Adg(ξ)(eξ)
for any ξ ∈ µN (K). Using (b), the shuffle equation for g(ξ), and the fact that the antipode of Ox is given
by exl . . . ex1 7→ (−1)
lex1 . . . exl which gives a description of the coefficients of g
(ξ)−1, we deduce that the
dual of the map (g, f) 7→ f
(
e0, (Adg(ξ)(eξ))ξ∈µN (K)
)
sends ZOxn,d 7→
⊕
d′,d′′,n′,n′′>0
d′+d′′−1=d
n′+n′′−1=n
ZOxn′,d′ ⊗ ZO
x
n′′,d′′ . 
1.3. Groupoids in ultrametric complete groups associated with πun,DR1 (P
1 \ {0, µN ,∞}). The
following definitions will enable us to define the p-adic pro-unipotent harmonic action of integrals as a
continuous action of a complete topological group (Definition 2.2.2), and will play a central role in [J I-3].
1.3.1. K〈〈e0∪µN 〉〉 as a ultrametric complete normed algebra. Let us consider formal variables U1, . . . , Uν ,
where ν ∈ N∗, and let us equip the set R+[[U1, . . . , Uν ]] with the product topology associated with the real
topology on R+ and the natural identification R+[[U1, . . . , Uν ]] ≃ RN
ν
+ . Let us define a partial order on
R+[[U1, . . . , Uν ]] by declaring that
∑
(n1,...,nν)∈Nν
sn1,...,nνU
n1
1 . . . , U
nν
ν 6
∑
(n1,...,nν)∈Nν
s′n1,...,nνU
n1
1 . . . U
nν
ν if,
for all (n1, . . . , nν) ∈ Nν , we have sn1,...,nν 6 s
′
n1,...,nν
. If S 6 S′ in the sense above, then we have SR 6
S′R for all R ∈ R+[[U1, . . . , Uν ]]. Let the maximum of two elements
∑
(n1,...,nν)∈Nm
sn1,...,nνU
n1
1 . . . , U
nν
ν
and
∑
(n1,...,nν)∈Nν
s′n1,...,nνU
n1
1 . . . , U
nν
ν be
∑
(n1,...,nν)∈Nm
max(sn1,...,nν , s
′
n1,...,nν
)Un11 . . . , U
nν
ν .
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Let C be a K-algebra equipped with a map N : C → R+[[U1, . . . , Uν ]] satisfying the axioms of an
(ultrametric) algebra norm, adapted to maps having target R+[[U1, . . . , Uν ]] with the notions of order
(and maximum) on R+[[U1, . . . , Uν ]] defined above, and satisfying N (1C) = 1. Then we say that C is a
(ultrametric) normed K-algebra with norm N . Any (ultrametric) normed K-algebra in the sense of this
definition is in particular a (ultra)metric space where the distance is defined by the norm.
Definition 1.3.1. (i) Let K〈〈e0∪µN 〉〉<∞, be the subset of K〈〈e0∪µN 〉〉 of the elements f such that, for
each d ∈ N∗, we have sup
w∈Wd∗,d(e0∪µN )
|f [w]|p < ∞. We say that the elements of K〈〈e0∪µN 〉〉<∞ are the
bounded elements of K〈〈e0∪µN 〉〉.
(ii) Let K〈〈e0∪µN 〉〉o(1), be the subset of K〈〈e0∪µN 〉〉 consisting of elements f such that, for all d ∈ N
∗, we
have : sup
w∈Wdn,d(e0∪µN )
∣∣f [w]∣∣
p
−→
n→∞
0, i.e.
∑
l∈N
|f [wl]|p < +∞ for all sequences (wl)l∈N of words over e0∪µN
such that weight(wl) −→
l→∞
∞ and lim sup
l→∞
depth(wl) < ∞. We say that the elements of K〈〈e0∪µN 〉〉o(1)
are the summable elements of K〈〈e0∪µN 〉〉.
Definition 1.3.2. (i) NΛ : K〈〈e0∪µN 〉〉 −→ R+[[Λ]], f 7→
∑
n∈N
max
w∈Wdn(e0∪µN )
∣∣f [w]∣∣
p
Λn.
(ii) Let NΛ,D : K〈〈e0∪µN 〉〉 → R+[[Λ, D]], f 7→
∑
(n,d)∈N2
max
w∈Wdn,d(e0∪µN )
∣∣f [w]∣∣
p
ΛnDd.
(iii) Let ND : K〈〈e0∪µN 〉〉<∞ → R+[[D]], f 7→
∑
d∈N
(
sup
w∈Wd∗,d(e0∪µN )
|f [w]|p
)
Dd.
The topology induced by NΛ,D resp. NΛ is the topology of pointwise convergence on K〈〈e0∪µN 〉〉
viewed as the set of maps Wd(e0∪µN ) → K, and we will use only NΛ,D in the rest of this text. The
topology induced by ND is the topology on K〈〈e0∪µN 〉〉<∞, viewed as a set of maps Wd(e0∪µN )→ K, of
uniform convergence on all the subsets Wd∗,d(e0∪µN ), d ∈ N
∗, i.e. the topology of uniform convergence
in bounded depth. The topology defined by ND will be natural when we deal with the sums of p-adic
series arising from the study of pMZVµN ’s ; our computation of pMZVµN ’s will be compatible with the
depth filtration.
ND and NΛ can be factorized by NΛ,D from which it follows the implications NΛ,D(f) 6 NΛ,D(g)⇒
NΛ(f) 6 NΛ(g) and NΛ,D(f) 6 NΛ,D(g) ⇒ ND(f) 6 ND(f), which prove that NΛ and ND inherit of
most of the properties of NΛ,D.
Proposition 1.3.3. (i) K〈〈e0∪µN 〉〉 equipped with NΛ,D is an ultrametric complete normed K-algebra.
(ii) K〈〈e0∪µN 〉〉<∞ and K〈〈e0∪µN 〉〉o(1) equipped with ND are complete ultrametric normed K-algebras.
Proof. (i) It is clear thatNΛ,D satisfies the separation and homogeneity properties of norms ; moreover, for
any f, g ∈ K〈〈e0∪µN 〉〉 we have NΛ,D(f+g) 6 max(NΛ,D(f),NΛ,D(g)) and NΛ,D(gf) 6 NΛ,D(g)NΛ,D(f)
: the first inequality is clear and the second is obtained by writing, for any word w ∈ Wdn,d(e0∪µN ),
|(gf)[w]|p =
∣∣ ∑
w1w2=w
g[w1]f [w2]
∣∣
p
6
∑
w1w2=w
|g[w1]|p|f [w2]|p 6
∑
n1+n2=n
d1+d2=d
sup |f [w1]|p
w1∈Wdn1,d1 (e0∪µN )
sup |g[w2]|p
w2∈Wdn2,d2(e0∪µN )
.
This proves that K〈〈e0∪µN 〉〉 equipped with NΛ,D is a normed K-algebra. Its completeness follows from
the fact that K is complete.
(ii) Let R+[[Λ, D]]<∞ resp. R+[[Λ, D]]o(1) be the set of elements S =
∞∑
n,d=0
sn,dD
dΛn such that, for all
d, sup
n>0
sn,d < ∞, resp. sn,d →
n→∞
0. One can check easily that if S and S′ are in R+[[Λ, D]]<∞ resp.
R+[[Λ, D]]o(1), then max(S, S
′) and S×S′ satisfy the same property. This shows that K〈〈e0∪µN 〉〉<∞ and
K〈〈e0∪µN 〉〉o(1) are subalgebras of K〈〈e0∪µN 〉〉. The axioms of an algebra norm for ND on K〈〈e0∪µN 〉〉<∞
are checked as in (i). Thus K〈〈e0∪µN 〉〉<∞ and K〈〈e0∪µN 〉〉o(1) are normed algebras with ND. Their
completeness follows from the fact that the spaces of sequences ℓ∞(K) and c0(K) equipped with the
norm ||.||∞ are complete. 
1.3.2. Groupoids in complete ultrametric groups associated with πun,DR1 (P
1\{0, µN ,∞}(K). From now on,
x, y are any two base-points of πun,DR1 (P
1\{0, µN ,∞}) ; Πy,x(K) is identified to the subset of K〈〈e0∪µN 〉〉
of elements satisfying the shuffle equation and having constant coefficient equal to 1 (§1.1.1).
Definition 1.3.4. Let Πy,x(K)<∞ = Πy,x(K)∩K〈〈e0∪µN 〉〉<∞ and Πy,x(K)o(1) = Πy,x(K)∩K〈〈e0∪µN 〉〉o(1).
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Proposition 1.3.5. (i) Πy,x(K) is a complete topological group for the NΛ,D-topology ; Πy,x(K)<∞ and
Πy,x(K)o(1) are complete topological groups for the ND-topology.
(ii) The groupoid law on πun,DR1 (P
1 \ {0, µN ,∞}(K), resp. on its subgroups of bounded, resp. summable
points is continuous for the NΛ,D-topology, resp. for the ND-topology.
Proof. (i) We know that Πy,x(K) resp. K〈〈e0∪µN 〉〉<∞ and K〈〈e0∪µN 〉〉o(1) is resp. are stable by mul-
tiplication (respectively by §1.1.1 and Proposition 1.3.3), so Πy,x(K)<∞ and Πy,x(K)o(1) are stable by
multiplication.
For f ∈ Πy,x(K), and l ∈ N∗, we have NΛ,D(f
l) = NΛ,D(f) ; indeed, this amounts to, for all
n, d ∈ N∗, max
(w1,...,wl)∈Wd(e0∪µN )
l
s.t. w1...wl∈Wdn,d(e0∪µN )
∣∣∏l
i=1 f [wi]
∣∣
p
= max
w∈Wdn,d(e0∪µN )
∣∣f [w]∣∣
p
. The inequality > is obtained
by choosing w2 = . . . = wl = ∅ in the left-hand side since f [∅] = 1 ; the inequality 6 follows from the
shuffle equation for f and from that the shuffle product restricts, for all n1, n2, d1, d2 ∈ N, to a map
ZO
x
n1,d1
× ZO
x
n2,d2
→ ZO
x
n1+n2,d1+d2
.
Now, for f ∈ Πy,x(K), we have f−1 =
∑
l∈N(1 − f)
l, where for each w ∈ Ox,e0∪µN , the sum∑
l∈N(1 − f)
l[w] is finite. In particular, the ultrametric triangle inequality for NΛ,D has a sense and re-
mains true for this infinite sum, and we have NΛ,D(f
−1) 6 maxl∈NNΛ,D((1− f)
l) 6 maxl∈NNΛ,D(f
l) =
NΛ,D(f), where the last inequality follows from the binomial expansion of (1−f)
l and from the ultrametric
triangle inequality for NΛ,D. By symmetry of the roles of f and f
−1, we deduce NΛ,D(f
−1) = NΛ,D(f).
This implies that Πy,x(K)<∞ and Πy,x(K)o(1) are stable by inversion.
In particular, Πy,x(K)<∞ and Πy,x(K)o(1) are subgroups of Πy,x(K). On the other hand, they are
defined by the shuffle equation and f [∅] = 1 so they are closed subsets respectively of K〈〈e0∪µN 〉〉<∞ and
K〈〈e0∪µN 〉〉o(1) which are complete by Proposition 1.3.3, so they are complete.
(ii) follows from (i) and the fact that the canonical isomorphisms Πy,x ≃ Π reviewed in §1.1.1 are
compatible with the groupoid structure. 
As a conclusion, we have two groupoids in ultrametric complete groups, defined respectively by the
bounded and the summable points of πun,DR1 (P
1\{0, µN ,∞}(K), whose topology is defined by the uniform
convergence in bounded depth.
1.3.3. Compatibility with the byproducts of the motivic Galois action. We prove that the groupoids con-
structed in §1.3.2 are stable by the usual operations of πun,DR1 (P
1 \ {0, µN ,∞}(K) related to the motivic
Galois action, and that these operations are continuous. We use Definition 1.2.1.
Proposition 1.3.6. (i) (Π˜ξ,0, ◦
∫ξ,0), resp. (Π˜ξ,0(K)o(1), ◦
∫ξ,0), (Π˜ξ,0(K)<∞, ◦
∫ξ,0) are complete topolog-
ical groups for the NΛ,D-topology, resp. the ND-topology ; Ad(eξ) induces isomorphisms of complete
topological groups between them and their images.
(ii) ◦∫0,0 : Π˜1,0(K)× Π0,0(K) 7→ Π0,0(K) is a continuous group action for the ND-topology ; Ad(e1) in-
duces an isomorphism of continuous group actions between ◦∫0,0 restricted to Π˜1,0(K) and ◦
∫0,0
Ad restricted
to its image.
(iii) The map τ : K× × K〈〈e0∪µN 〉〉 → K〈〈e0∪µN 〉〉, resp. τ : {λ ∈ K
∗ | |λp 6 1} × K〈〈e0∪µN 〉〉 ×
K〈〈e0∪µN 〉〉<∞ → K〈〈e0∪µN 〉〉<∞ is continuous for the NΛ,D-topology resp. it is continuous for the
ND-topology and stabilizes the groups of (i).
Proof. (i) It follows from Proposition 1.2.3 that we have for all f, g ∈ Π˜1,0(K), NΛ,D(g ◦
∫1,0 f) 6
NΛ,D(g) × NΛ,D(f) and NΛ,D(f
−1
◦
∫1,0 ) = NΛ,D(f), and similarly with ND if f and g are bounded.
This proves Π˜1,0(K)<∞, Π˜1,0(K)o(1) are subgroups of Π1,0(K) for ◦
∫1,0 . On the other hand, by Proposi-
tion 1.3.6, Π˜1,0(K)<∞, Π˜1,0(K)o(1) are complete.
By the shuffle equation for f , we have NΛ,D(Adf (eξ)) 6 ΛDNΛ,D(f), and ND(Adf (eξ)) 6 DND(f),
whence Ad(eξ) is continuous and we have Ad(eξ)(Πy,x(K)<∞) ⊂ K〈〈e0∪µN 〉〉<∞ and Ad(eξ)(Πy,x(K)o(1)) ⊂
K〈〈e0∪µN 〉〉o(1). Moreover, we have seen that Ad(eξ) restricted to Π˜ξ,0(K) is injective. The isomorphisms
(x 7→ ξx)∗ : Π1,0 ≃ Πξ,0 are homeomorphisms both for the NΛ,D-topology and the ND-topology.
(ii) is proved like (i) and (iii) is immediate by, for all f ∈ Πy,x(K), NΛ,D(τ(λ)(f))(Λ, D) = NΛ,D(f)(λΛ, D).

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In particular, by Proposition 1.3.6, combined to equation (1.1.5) and (1.1.8), we deduce that the
Frobenius φ is compatible with these topological structures (i.e. it is continuous and stabilizes the
subgroupoids of bounded and summable elements, in the above sense). Our computation of the Frobenius
will be also compatible with this structure.
2. The pro-unipotent harmonic action of integrals
We observe a simplification in the differential equation of the Frobenius (§3.1), and we introduce
the pro-unipotent harmonic action of integrals (§3.2) which enables to express the simplified differential
equation of the Frobenius and prove the "integral" part of the theorem (§3.3).
2.1. A simplification of the equation of the Frobenius.
2.1.1. Suppressing a parameter in the equation of the Frobenius. We reformulate the differential equation
of the Frobenius (equation (1.1.8)) in terms of the coefficients of its power series expansion at 0.
Notation 2.1.1. If S ∈ K[[z]] and m ∈ N, we denote the coefficient of zm in S by S[zm].
In the next statement, the significative feature is that the right-hand side of the equation does not depend
on l, whereas the left-hand side is a priori a complicated function of l.
Proposition 2.1.2. Let d and ni (1 6 i 6 d) be positive integers, and let ξi be N -th roots of unity
(1 6 i 6 d). Let w =
(
(ni)d; (ξi)d+1
)
, w(p
α) =
(
(ni)d; (ξ
pα
i )d+1
)
, and wl = e
l−1
0 eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1
for all l ∈ N∗. We have, for all m ∈ N∗,
(2.1.1) τ(m)
[
LiKZp,X(pα)(z)
(
e0, (Ad(Φ(ξ)p,α)
(eξ))ξ∈µN (K)
)
[wl][z
m] + Li†p,α[wl][z
pαm]+
∑
{16b6pαm−1 | pα|b}
{(ul,v) |wl=ulv, depth(ul)>1, v 6=∅}
Lip,α[ul][z
b] LiKZp,X(pα)(z
pα)
(
e0,Ad(Φ(ξ)p,α)
(eξ)
)
[vr ][z
m− b
pα log(z)0]
]
= (−1)d+1 harpαm(w).
Proof. In equation (1.1.8), we take the coefficient of wl, then, the coefficient of z
pαm in the series expansion
at 0 with respect to z, then we apply τ(m) (equation (1.1.2)).
(a) By the definition of p-adic multiple polylogarithms in terms of the KZ equation [F1] [Yam], we
have, for all m′ ∈ N∗ : τ(m′) LiKZp,X [wl][z
m′ ] = (−1)d+1 harm′
(
w
)
. This gives an expression of the right-
hand side.
(b) The left-hand side, which is defined by a product involving Li†p,α(z) and Li
KZ
p,X(p
α)(zp
α
), is a sum over
b in the set {0, . . . , pαm}, and over couples (ul, v) such that wl = ulv. By [J I-1], Lemma 4.2.1, we have,
for all n ∈ N∗, Li†p,α[e
n
0 ](z) = 0. Moreover, by the definitions, we have Li
†
p,α[w][z
0] = LiKZp,X(pα) [w
(pα)][z0] =
LiKZp,X [w][z
0] = 1. Thus the sum over b can be restricted to α ∈ {1, . . . , pαm − 1}, and the sum over ul
can be restricted to terms such that depth(ul) > 1. The sum over b can be reindexed by b˜ =
b
pα
∈ N,
since for any power series S, we have S(zp
α
)[zp
αb˜] = S(z)[z b˜]. 
2.1.2. Vanishing of a certain limit of the terms having an overconvergent factor. We are going to exploit
the suprising observation in Proposition 2.1.2 by computing the limit of the left-hand side of equation
(2.1.1) when l → ∞. We are going to show that this limit is particularly simple. This is going to follow
from the main result of [J I-1].
Heuristically, since the functions Li†p,α[w
′] are overconvergent whereas the power series expansion at 0
of the functions LiKZp [w
′′] converge only on {z ∈ K | |z|p < 1}, the coefficients Li
†
p,α[w
′][zm] have a priori
significantly smaller p-adic norms that the coefficients LiKZp [w
′′][zm], at least for m large.
The main result of [J I-1] can be reformulated as follows. Let Uan = (P1,an \ ∪
ξ∈µN (K)
B(ξ, 1))/K, and
let A(Uan) be its K-algebra of rigid analytic functions, which is a Banach algebra over K. Extending in
a natural way the notion of summable K-points of πun,DR1 (P
1 \ {0, µN ,∞}) (Definition 1.3.4) to points
having coefficients in any Banach algebra over K, the main theorem of [J I-1] is Li†p,α ∈ Π0,0(A(U
an))o(1),
where, implicitly, we view the ∇KZ as a connection on a bundle trivialized at ~10, as in [J I-1].
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Corollary 2.1.3. The term
(2.1.2)
τ(m)
[
Li†p,α[wl][z
pαm]+
∑
{16b6pαm−1 | pα|b}
{(ul,v) |wl=ulv, depth(ul)>1, v 6=∅}
Li†p,α[ul][z
b].LiKZp,X(pα)(z
pm)
(
e0, (AdΦ(ξ)p,α
(eξ))ξ∈µN (K)
)
[v][zm−
b
pα ]
]
tends to 0 when l →∞.
Proof. The set of v’s in the sum does not depend on l ; thus, the factors depending on v in the second
line are contained in a bounded subset of K depending only on
(
(ni)d, (ξi)d+1
)
. Moreover, each ul is
determined by the unique v such that wl = ulv, and there are a finite number, bounded independently
of l, of such v’s. Finally, we have lim sup depth ul < +∞ and weightul → +∞, and similarly for wl.
Whence the result by the theorem of [J I-1]. 
2.2. The pro-unipotent harmonic action of integrals.
2.2.1. Definition. We now define a variant of K〈〈e0∪µN 〉〉 which will contain in a natural way some non-
commutative generating series of cyclotomic multiple harmonic sums. For convenience, in the rest of this
text, we will restrict to words w whose rightmost letter is an eξ, with ξ ∈ µN (K). This is sufficient for
our purposes. The role of the other words will appear in a subsequent paper.
Definition 2.2.1. (i) Let K〈〈e0∪µN 〉〉
∫
har ⊂ K〈〈e0∪µN 〉〉 be the vector subspace of the elements f such
that, for all words w on e0∪µN , the sequence (f [e
l
0w])l∈N is constant and f [w
′e0] = 0 for all words w
′.
(ii) Let K〈〈e0∪µN 〉〉
lim ⊂ K〈〈e0∪µN 〉〉 be the vector subspace consisting of the elements f ∈ K〈〈e0∪µN 〉〉
such that, for all words w on e0∪µN , the sequence (f [e
l
0w])l∈N has a limit in K, and f [w
′e0] = 0 for all
words w′.
(iii) Let lim : K〈〈e0∪µN 〉〉
lim → K〈〈e0∪µN 〉〉
∫
har be the map defined by, for all words w over e0∪µN ,
(lim f)[w] = lim
l→∞
f [el0w].
If f ∈ K〈〈e0∪µN 〉〉
∫
har, we denote by f
(
(ni); (ξi)
)
= f [eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] for any positive inte-
gers d and ni (1 6 i 6 d), and for any N -th roots of unity ξi (1 6 i 6 d+ 1).
Definition 2.2.2. The p-adic pro-unipotent harmonic action of integrals for P1 \ {0, µN ,∞} is the map
◦∫har :
AdΠ˜1,0(K)o(1)(e1)× (K〈〈e0∪µN 〉〉
∫
har)
N → (K〈〈e0∪µN 〉〉
∫
har)
N(
g, (hm)m∈N
)
7→ g ◦∫har (hm)m∈N =
(
lim
(
τ(m)(g) ◦
∫0,0
Ad hm
))
m∈N
.
We will prove in Proposition 2.2.6 that it is well-defined.
Examples 2.2.3. For P1 \ {0, 1,∞} and in depth 1 and 2, for all n1, n2 ∈ N
∗, m ∈ N, for any g and
h = (hm)m∈N, we have
(2.2.1) (g ◦∫har h)m(n1) = fm(n1) +
∑
l∈N
mn1+lg[el0e1e
n1−1
0 e1],
(2.2.2) (g ◦∫har h)m(n1, n2) = fm(n1, n2) +
∑
l∈N
ml+n1+n2g[el0e1e
n2−1
0 e1e
n1−1
0 e1]+
n2−1∑
r2=0
fm(n2 − r2)m
r2+n1g[er20 e1e
n1−1
0 e1] +
n1−1∑
r1=0
fm(n1 − r1)
∑
l∈N
ml+n2+r1g[el0e1e
n2−1
0 e1e
r1
0 ].
Definition 2.2.2 involves only the summable elements of Π˜1,0(K) ; this restriction is removed below by
replacing m ∈ N by a formal variable m ; we define K[[m]]〈〈e0∪µN 〉〉
∫
har like K〈〈e0∪µN 〉〉
∫
har (Definition
2.2.1). We will use most of the time the point of view of Definition 2.2.2 ; the point of view below is
practical when we want to consider duals. We need first to write the dual of Definition 2.2.1.
Definition 2.2.4. Let O
x,e0∪µN
har be Q-vector space generated by sequences of words of the form
(el0eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1)l∈N.
In the next statement, the hats refer to the completions for the weight-adic topology.
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Definition 2.2.5. (i) Let the formal pro-unipotent harmonic action of integrals be the map :
◦˜∫har :
AdΠ˜1,0(K[m])(e1)×K〈〈e0∪µN 〉〉
∫
har → K[[m]]〈〈e0∪µN 〉〉
∫
har(
g, h
)
7→
(
lim
(
τ(m)(g) ◦
∫0,0
Ad h
) .
(ii) Let the pro-unipotent harmonic coaction of integrals be the dual of ◦˜∫har :
(◦˜∫har)
∨ : O
x,e0∪µN
har −→ O
x,e0∪µN
har ⊗ τˆ (m)
̂Ox,e0∪µN .
(iii) Let the natural factorization, where T denotes the tensor algebra,
(◦˜∫har)
∨ : O
x,e0∪µN
har
(◦˜∫
har
)∨,T
−→ O
x,e0∪µN
har ⊗ T
(
(τˆ (m) ̂Ox,e0∪µN )
)⊗N
−→ O
x,e0∪µN
har ⊗ τˆ (m)
̂Ox,e0∪µN
where the N tensor components refer to the coefficients of the g(ξ)’s, ξ ∈ µN (K), and the tensor algebra
encodes the products of coefficients of each g(ξ).
Indeed, the formula for (◦˜∫har)
∨ appears in a natural way in terms of products of coefficients of the
g(ξ)’s, ξ ∈ µN (K) (see Definition 1.1.3 and Proposition 1.2.3). In (ii) above, this is hidden behind the
expressions of the g(ξ
i)’s in terms of g, and the shuffle equation for the unique f such that g = f−1e1f .
We recover it in (iii) above.
2.2.2. Algebraic and topological properties.
Proposition 2.2.6. The p-adic pro-unipotent harmonic action of integrals is a well-defined group action
of (AdΠ˜1,0(K)o(1)(e1), ◦
∫1,0
Ad ), continuous for the ND-topology on AdΠ˜1,0(K)o(1)(e1), and the product topology
on
(
K〈〈e0∪µN 〉〉
∫
har
)N
of the ND-topologies on each factor K〈〈e0∪µN 〉〉
∫
har.
Proof. (a) Let h ∈ K〈〈e0∪µN 〉〉
∫
har and g ∈ AdΠ˜1,0(K)o(1)(e1) ; let a sequence of words (wl)l∈N of the
form (el0eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1)l∈N ; we must show that f(e0, (g
(ξ))ξ∈µN (K))[wl] has a limit in K when
l → ∞. Equation (1.2.1) gives a formula for h(e0, (g(ξ))ξ∈µN (K))[wl] ; because of the assumption on h,
that formula depends on l in the following way, where the sum over u is indexed by certain connected
subsequences of eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 , thus does not depend on l,
(2.2.3) f(e0, (g
(ξ))ξ∈µN (K))[wl] = ρ+
∑
ξ∈µN (K)
∑
u
θu,ξ
l∑
b=1
gξ[e
b−1
0 u],
and where ρ, θu,ξ ∈ K do not depend on l. Because of the assumption that g is summable, the right-hand
side of equation (2.2.3) converges in K when l →∞.
(b) By Proposition 1.3.6, ◦
∫0,0
Ad and τ are continuous, and the map lim of Definition 2.2.1 is clearly
continuous for restriction of the ND-topology to its source and target.
(c) Let (hm)m∈N ∈
(
K〈〈e0∪µN 〉〉
∫
har
)N
, and let g1, g2 ∈ Π˜1,0(K)o(1). By the associativity of the compo-
sition of formal power series in K〈〈e0∪µN 〉〉, we have, for all m ∈ N :
(2.2.4) τ(m)(g2) ◦
∫0,0
Ad (τ(m)(g1) ◦
∫0,0
Ad hm) = (τ(m)(g2) ◦
∫1,0
Ad τ(m)(g1)) ◦
∫0,0
Ad hm.
By Definition 2.2.2, by τ(m)(g2)◦
∫1,0
Ad τ(m)(g1) = τ(m)(g2◦
∫1,0
Ad g1) and by Proposition 1.3.6, the right-hand
side of (2.2.4) is in K〈〈e0∪µN 〉〉
lim and its limit is the m-th term of the sequence (g2 ◦Ad g1) ◦
∫
har (hm)m∈N.
The Lemma 2.2.7 below shows that the expression g2 ◦
∫
har
(
g1 ◦
∫
har (hm)m∈N
)
is well-defined and equal to
the sequence indexed by m ∈ N of limits of the left hand-side of (2.2.4). 
Lemma 2.2.7. Let h′ ∈ K〈〈e0∪µN 〉〉
∫
har and g
′
1, g
′
2 ∈ Π˜1,0(K)o(1). Then, g
′
2 ◦
∫0,0
Ad (g
′
1 ◦
∫0,0
Ad h
′) is in
K〈〈e0∪µN 〉〉
lim and we have
lim
(
g′2 ◦
∫0,0
Ad (g
′
1 ◦
∫0,0
Ad h
′)
)
= lim
(
g′2 ◦
∫0,0
Ad lim(g
′
1 ◦
∫0,0
Ad h
′)
)
.
Proof. The fact that g′2 ◦
∫0,0
Ad (g
′
1 ◦
∫0,0
Ad h
′) is in K〈〈e0∪µN 〉〉
lim follows from the previous proof. Let us prove
the rest of the statement. Let (wl)l∈N a sequence of the form (e
l
0eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1)l∈N. Equation
(1.2.1) applied two times gives a formula for
(
g′2 ◦
∫0,0
Ad (g
′
1 ◦
∫0,0
Ad h
′)
)
[wl]. Since h
′ is in K〈〈e0∪µN 〉〉
∫
har, we
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check that this depends on l in the following way, where the sums over u and u′, u′′ are over certain
connected subsequences of eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 :
(2.2.5)
(
g′2 ◦
∫0,0
Ad (g
′
1)
(ξ) ◦
∫0,0
Ad h
′)
)
[wl] = ρ+
∑
ξ∈µN (K)
∑
u
θu,j
l∑
b=1
(g′1)ξ[e
b−1
0 u]
+
∑
ξ′,ξ′′∈µN (K)
∑
u′,u′′
θ(u′,u′′),(ξ′,ξ′′)
∑
b′,b′′≥1
b′+b′′=l
(g′1)
(ξ′)
[eb
′−1
0 u](g
′
2)
(ξ′′
[eb
′′−1
0 u
′′],
and where ρ, θu,j , θ(u′,u′′),(j′,j′′) ∈ K do not depend on l. Equation (2.2.5) has a limit when l → ∞
because g′1 and g
′
2 are summable. The limit when l →∞ of the third term of (2.2.5) is∑
ξ′∈µN (K)
∑
ξ′′∈µN (K)
∑
u′,u′′
θ(u′,u′′),(ξ′,ξ′′)
∞∑
b′=1
(g′1)
(ξ′)
[eb
′−1
0 u
′]
∞∑
b′′=1
(g′2)(ξ′′)[e
b′′−1
0 u
′′]. In particular, this formula
separates g′1 and g
′
2 in the factors depending on l. This enables to check, first, that the limit when
l→∞ of equation (2.2.5) is a function of g′2 and lim
(
g′1 ◦
∫0,0
Ad h
)
, and, then, that this function is exactly
lim(g′2 ◦
∫0,0
Ad lim(g
′
1 ◦
∫0,0
Ad h)). 
2.3. Application to the simplified equation of the Frobenius. We combine §2.1 and §2.2 and we
prove the integral part of the Theorem.
2.3.1. Proof of equations (0.3.1), (0.3.7) and (0.3.8). We need some non-commutative generating series of
weighted multiple harmonic sums ; in the next statement, we use the notation w(p
α) defined in Proposition
2.1.2.
Definition 2.3.1. (i) We define an element harm of K〈〈e0∪µN 〉〉
∫
har by, for all words :
harm[e
l
0e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] = harm
(
(ni)d; (ξi)d
)
.
(ii) We define har(p
α)
m ∈ K〈〈e0∪µN 〉〉
∫
har by har
(pα)
m [w] = harm[w
(pα)] for all words w.
(iii) Let harpαN, har
(pα)
N
∈ (K〈〈e0∪µN 〉〉
∫
har)
N be respectively the sequences (harpαm)m∈N, (har
(pα)
m )m∈N.
We now prove equation (0.3.1) which relates p-adic cyclotomic multiple zeta values and cyclotomic
multiple harmonic sums by the pro-unipotent harmonic action of integrals. We note that the proof of
the main theorem in [J I-1] also provides that Ad
Φ
(ξ)
p,α
(eξ) ∈ K〈〈e0∪µN 〉〉o(1) for any ξ ∈ µN (K) ([J I-1],
Corollary 4.3.2).
Proof. By Definition 2.2.2, we have, with the notation wl = e
l−1
0 eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ,
(2.3.1)(
lim
l→∞
τ(m) LiKZp,X(pα)(z)
(
e0, (AdΦ(ξ)p,α
(eξ))ξ∈µN (K)
)
[wl][z
m]
)
m∈N
=
(
Φp,α ◦
∫
har har
(pα)
m
)(
(ni)d; (ξi)d+1
)
.
This combined to Proposition 2.1.2, Corollary 2.1.3 and Definition 2.3.1 gives equation (0.3.1), pro-
vided we can check that AdΦp,α(e1) ∈ AdΠ˜1,0(K)o(1)(e1). By [J I-1], Corollary 4.3.2, we have AdΦ(ξ)p,α
(eξ) ∈
K〈〈e0∪µN 〉〉o(1)∩AdΠ˜1,0(K)(e1), and by [J Assoc] we haveK〈〈e0∪µN 〉〉o(1)∩AdΠ˜1,0(K)(e1) = AdΠ˜1,0(K)o(1)(e1).

The simplest terms of equation (0.3.1) are obtained in Example 2.2.3, in which we can take g, (hm)m∈N,
g ◦∫har (hm)m∈N to be Φ
−1
p,αe1Φp,α, har
(pα)
N
, harpαN respectively.
We now prove the expansion of prime weighted multiple harmonic sums in terms of p-adic cyclotomic
multiple zeta values mentioned in the theorem : equation (0.3.7) and its N = 1 case, equation (0.3.8).
Proof. In equation (2.3.1), the m = 1 term is
∞∑
b=0
∑
ξ∈µN (K)
−ξ−p
α(
Ad
Φ
(ξ)
p,α
(eξ)
)
[wb].
Indeed, har
(pα)
1 = Li
KZ
p,X(p
α)(zp
α
)[zp
α
] = LiKZp,X(pα)(z)[z] is given in depth one by Lip,X(pα) KZ(z)[z][e
l−b
0 eξ] =
ξ−p
α
, and in zero in any depth > 2, because all the weighted multiple harmonic sums har1 have an empty
domains of summation and are zero in all depths ≥ 2. More details are in Lemma 2.3.4 (iii).
This and equation (0.3.1) imply equation (0.3.7), and, in the N = 1 case, equation (0.3.8). 
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Remark 2.3.2. The remainder in the sum of series of equation (0.3.7) has the following simple expression
: (−1)d+1 harpα(w˜)−
l−1∑
l′=0
∑
ξ∈µN (K)
−ξ−p
α(
Ad
Φ
(ξ)
p,α
(eξ)
)
[wl′ ] = Li
†
p,α[wl][z
pα ] and will find an interpretation
of it in [J II-1], §4. Moreover, for all r ∈ {1, . . . , pα−1}, we have Li†p,α[z
r][w
(pα)
l ] = p
weight(w)+lrl harr(w).
2.3.2. Construction of a torsor containing har
(pα)
N
for the pro-unipotent harmonic action of integrals. We
now prove that there exists a torsor for ◦∫har containing har
(pα)
N
; this will guarantee that equation (0.3.1)
characterizes p-adic cyclotomic multiple zeta values in terms of weighted multiple harmonic sums.
We need to prove that ◦∫har is compatible with the depth filtration, and to write explicitly the terms
of extremal depth.
Definition 2.3.3. We denote eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ∈ O
x,e0∪µN
har by ((ni); (ξi))d,d+1, with (ni) = ∅ if
d = 0, and we say that such words have depth d and weight
d∑
i=1
ni ; we denote by O
x,e0∪µN
har,∗,d , the subspace
generated by such words of depth d.
Lemma 2.3.4. (i) For any d ∈ N, the map (◦˜∫har)
∨,T sends
O
x,e0∪µN
har,∗,d →
d⊕
d′=0
O
x,e0∪µN
har,∗,d′ ⊗ T
(
τ(mf )
̂O
x,e0∪µN
∗,d−d′ ⊗ ( ⊕
ξ∈µN (K)
Qξ)
)
.
(ii) In depth 0, the map (◦∫har)
∨ is
(
∅; ξ
)
7→
(
∅; ξ
)
⊗ 1 for all ξ ∈ µN (K).
(iii) The term in O
x,e0∪µN
har ∗,0 ⊗ T
(
τ(m) ̂O
x,e0∪µN
∗,d ⊗ (⊕ξ∈µN (K)Qξ)
)
of any (◦∫har)
∨,T
(
(ni)d; (ξi))d+1
)
, in
the sense of (i), is
∑
ξ∈µN (K)
(
∅; ξ
)
⊗
+∞∑
b=0
mb+nd+...+n1f e
b
0eξd+1 . . . e
n1−1
0 eξ1 ⊗ ξ.
Proof. This follows from Proposition 1.2.3, equation (1.2.1) and the definition of ◦∫har (Definition 2.2.2).

We now prove the torsor structure mentioned in (i) of the theorem, i.e. that the orbit of har
(pα)
N
is a
torsor containing har
(pα)
N
for the p-adic pro-unipotent harmonic action of integrals.
Proof. Let E∫har ⊂
(
K〈〈e0∪µN 〉〉
∫
har
)N
be the subset of elements h = (hm)m∈N such that the maps m ∈
N∗ 7→ hm
(
∅; ξ
)
, ξ ∈ µN (K), are linearly independent over the ring A(Zp) of rigid analytic functions of
m ∈ Zp. Then
(a) har
(pα)
N
∈ E∫har. This is because for all ξ ∈ µN (K), we have harm(∅; ξ) = ξ
−m and the result follows
from the invertibility of a Vandermonde matrix.
(b) E∫har is stable by ◦
∫
har. This follows from part (ii) of Lemma 2.3.4.
(c) ◦∫har restricted to E
∫
har is free. One proves by induction on d that ◦
∫
har truncated to depths at most d
is free, by (iii) of Lemma 2.3.4.
This implies that the orbit of har
(pα)
N
is included in E∫har and is a torsor. 
2.3.3. The harmonic Frobenius of integrals.
Definition 2.3.5. Let the harmonic Frobenius of integrals, iterated α times, be the map
(τ(pα)φα)∫har :
(
K〈〈e0∪µN 〉〉
∫
har
)N
→
(
K〈〈e0∪µN 〉〉
∫
har
)N
f 7→ Φ−1p,αe1Φp,α ◦
∫
har σ
α(f)
.
Indeed, the passage from the Frobenius to the harmonic Frobenius commutes with the iteration ; see
[J I-3].
Proposition 2.3.6. The harmonic Frobenius of integrals is continuous for the product indexed by N of
the ND-topology on K〈〈e0∪µN 〉〉
∫
har.
Proof. Follows from the continuity of ◦∫har (Proposition 2.2.6). 
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With Definition 2.3.5, equation (0.3.1) is restated as
(2.3.2) (φα)∫har(harN) = harpαN .
In Definition 2.2.2 and Definition 2.3.5, the adjective “harmonic” means “adapted to weighted multiple
harmonic sums” : we will check in the next sections that these objects are indeed natural as operations
on weighted multiple harmonic sums.
3. Setting for the pro-unipotent harmonic action of series
We define (§3.1) and study (§3.2,§3.3) a generalization of cyclotomic multiple harmonic sums which
we call localized cyclotomic multiple harmonic sums. The term localized refers to the inversion of a
differential operator which is implicit behind the definition. This is a preliminary to §4.
3.1. Localized cyclotomic multiple harmonic sums.
3.1.1. Cyclotomic multiple harmonic sums. The cyclotomic multiple harmonic sums are the following
numbers, with the notations of equation (0.2.2) and m0 ∈ N,
hm0,m
(
(ni)d; (ξi)d+1
)
=
∑
(m1,...,md)∈∆N
d
m0,m
(
ξ1
)m0( ξ2
ξ1
)m1
. . .
( ξd+1
ξd
)md( 1
ξd+1
)m
mn11 . . .m
nd
d
where, for d ∈ N∗, m0,m ∈ N∗,
∆N
d
m0,m
= {(m1, . . . ,md) ∈ N
d | m0 < m1 < . . . < md < m}
and ∆N
d
m = ∆
N
d
0,m ; the weighted cyclotomic multiple harmonic sums are the numbers
harm0,m
(
(ni)d; (ξi)d+1
)
= (m−m0)
n1+...+ndhm0,m
(
(ni); (ξi)
)
d
.
The prime weighted multiple harmonic sums are the numbers harpα
(
(ni)d; (ξi)d+1
)
([J I-1], Definition
B.0.1).
We call harmonic word a sequence ((ni)d; (ξi)d+1) where d and the ni’s (for 1 6 i 6 d) are positive
integers and the ξi’s are N -th roots of unity (for 1 6 i 6 d+1). Let Wdhar(e0∪µN ) be the set of harmonic
words. We define a natural series counterpart of K〈〈e0∪µN 〉〉
∫
har from Definition 2.2.1, which is isomorphic
as a K-vector space.
Definition 3.1.1. Let K〈〈e0∪µN 〉〉
Σ
har =
{ ∑
w∈Wdhar(e0∪µN )
λww
∣∣∣∣ ∀w, λw ∈ K}.
We will view harm, har
(pα)
m from Definition 2.3.1 as elements of K〈〈e0∪µN 〉〉
Σ
har, and harN, har
(pα)
N
from
Definition 2.3.1 as elements of
(
K〈〈e0∪µN 〉〉
Σ
har
)N
, via this isomorphism. Let, more generally, with the
notation w(p
α) introduced in Proposition 2.1.2.
Definition 3.1.2. For m0,m ∈ N∗, let :
(i) harm0,m =
∑
w∈Wdhar(e0∪µN )
harm0,m(w)w ∈ K〈〈e0∪µN 〉〉
Σ
har.
(ii) For I, J ⊂ N such that I × J ≃ N, let harI,J = (harm0,m)(m0,m)∈I×J ∈
(
K〈〈e0∪µN 〉〉
Σ
har
)N
.
(iii) We define similarly har(p
α)
m0,m
and har
(pα)
I,J , by replacing w by w
(pα) in (i).
3.1.2. Localized cyclotomic multiple harmonic sums. This is the central object of this §3.
Definition 3.1.3. (i) A localized harmonic word is a sequence ((ni)d; (ξi))d+1 as above except that we
allow the ni’s to be any elements of Z. Let Wdhar(e0∪µN )loc be the set of localized harmonic words.
(ii) Let K〈〈e0∪µN 〉〉
Σ
har,loc =
{ ∑
w∈Wdhar(e0∪µN )loc
λww | ∀w, λw ∈ K
}
.
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Definition 3.1.4. Let m0,m ∈ N
∗, ((ni)d; (ξi))d+1 a harmonic word. Let i1, . . . , ir ∈ {1, . . . , d} be the
elements such that ni > 0 and ni−1 < 0, or ni > 0 and i = 1. We call localized cyclotomic harmonic
sums the numbers
(3.1.1) hm0,m
(
(ni); (ξi)
)
d
=
∑
(m1,...,md)∈∆(i1,...,ir),m0,m
(
ξ1
)m0( ξ2
ξ1
)m1
. . .
( ξd+1
ξd
)md( 1
ξd+1
)m
mn11 . . .m
nd
d
,
where
∆N
d
(i1,...,ir),m0,m
= {(m1, . . . ,md) ∈ N
d | m0 < . . . < mi1−1 ≤ mi1 < . . . < mir−1 ≤ mir < . . . < m}.
We call weighted localized multiple harmonic sums the numbers :
harm0,m(w) = (m−m0)
n1+...+ndhm0,m(w)
For all m ∈ N∗, we denote by hm = h0,m, harm = har0,m.
Definition 3.1.5. For m ∈ N∗, let :
(i) harm0,m,loc =
∑
w∈Wdhar(e0∪µN )loc
harm0,m(w)w ∈ K〈〈e0∪µN 〉〉
Σ
har,loc, and harm,loc = har0,m,loc.
(ii) For I, J ⊂ N such that I × J ≃ N, let harI,J,loc = (harm0,m,loc)(m0,m)∈I×J ∈
(
K〈〈e0∪µN 〉〉
Σ
har,loc
)N
,
and harJ,loc = har{0},J,loc
(iii) We define similarly har
(pα)
m0,m,loc
, har
(pα)
m,loc, har
(pα)
I,J,loc, har
(pα)
J,loc by replacing w by w
(pα) in (i).
Remark 3.1.6. Most of the computations in the rest of this paper can be immediately extended to
the generalizations of localized multiple harmonic sums obtained as follows : replacing the factors mnii
(i = 1, . . . , d) in equation (3.1.1), by χi(mi), with χi group morphisms (K
∗,×) → (K∗,×) which are
analytic on {z ∈ K∗ | |z − 1|p ≤
1
pα
}, and are thus locally analytic on K∗ ; replacing the weight
d∑
i=1
ni
of a sequence (n1, . . . , nd) by
d∑
i=1
−
logp(χi(p))
logp(p)
; replacing the factor
ξ
m0
1
ξm
d+1
in Definition 3.1.4 by any
ξ˜
m0
1
ξ˜m
d+1
,
with ξ˜1, ξ˜d+1 ∈ µN (K), such that ξ˜1ξ˜
−1
d+1 = ξ1ξ
−1
d+1 ; replacing m0,m ∈ N
∗ by elements of Z such that the
right-hand side of equation (3.1.1) is well-defined.
3.1.3. Operations on the indices of localized cyclotomic multiple harmonic sums. The next definition is
an analogue of the notion of subword from Definition 1.2.2 (i).
Definition 3.1.7. Let w = (ni; ξi)d ∈ Wd
loc
har(e0∪µN ) be a localized harmonic word and S = [a, b] ⊂
{1, . . . , d}. We denote (na, . . . , nb; ξa, . . . , ξb+1) ∈Wd
loc
har(e0∪µN ) by w|S .
The next definition is an analogue of the notion of quotient word from Definition 1.2.2 (v), which will
appear implicitly afterwards.
Definition 3.1.8. Let S be a subset of N.
(i) A connected partition of S is a partition of S into segments.
(ii) An increasing connected partition of S is a connected partition of S with an order on the corresponding
set of parts of S, such that if a part C is inferior to a part C′ for this order, we have j < j′ in N for all
j ∈ C and j′ ∈ C′.
(iii) The canonical increasing connected partition of S is the increasing connected partition of S defined
by the segments included in S and maximal for the inclusion, which we call the connected components
of S.
(iv) Let S be a subset of N. We call the boundary of S and denote by ∂S the subset of S made of the
elements x such that x− 1 6∈ S or x+ 1 6∈ S.
3.2. Computation of totally negative cyclotomic multiple harmonic sums.
Definition 3.2.1. We say that a localized harmonic word w =
(
(ni); (ξi)
)
d
is totally negative if, for all
i, ni < 0 ; in that case we also say, for all m0,m, that hm0,m(w) is totally negative. Let Wd
−
har(e0∪µN )
be the set of totally negative harmonic words.
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Proposition-Definition 3.2.2. For any w =
(
(ni); (ξi)
)
d
∈ Wd−har(e0∪µN ), there exists a unique se-
quence (Bwδ0,δ,ξ0,ξ)δ0,δ∈{0,...,
∑
d
i=1
|ni|+d+1}
ξ0,ξ∈µN (K)
of elements of the N -th cyclotomic field, such that, for all m0,m
we have
(3.2.1) harm0,m(w) =
∑
ξ0,ξ∈µN (K)
l1+...+ld+d+1∑
δ0,δ=0
Bwδ0,δ,ξ0,ξm
δ0
0 m
δξm00 ξ
m.
Moreover, for all δ0, δ, ξ0, ξ, we have vp(B
w
δ0,δ,ξ0,ξ
) ≥ −d−
log(|n1|+ . . .+ |nd|+ d+ 1)
log(p)
.
Proof. The existence of these numbers is proved by induction on d, using that, for m ∈ N∗, l ∈ N∗ we
have :
m−1∑
m1=0
ml1 =
l+1∑
δ=0
1
l+1
(
l+1
δ
)
Bl+1−δT
δ and
m−1∑
m1=0
ml1T
m1 = (T d
dT
)l(
m∑
m1=0
Tm1) = (T d
dT
)l
(
Tm−1
T−1
)
, where
T is a formal variable, to which we can substitute an element of µN (K) \ {1}.
The uniqueness follows from the uniqueness of the coefficients of a polynomial and the invertibility of
a Vandermonde matrix.
The bound of valuations is proved by induction on d by Von-Staudt Clausen’s theorem, as well as
vp(
1
l
) ≥ − log(l)log(p) for all l ∈ N
∗, and |ξ − 1|p = 1 for all ξ ∈ µN (K) \ {1}. 
Notation 3.2.3. (i) For all δ0, δ > l1 + . . .+ ld + d, ξ0, ξ ∈ µN (K), w ∈Wd
−
har(e0∪µN ), let B
w
δ0,δ,ξ0,ξ
= 0
(ii) For all δ ∈ N, w ∈Wd−har(e0∪µN ), ξ0, ξ ∈ µN (K), let B
w
δ,ξ0,ξ
= Bw0,δ,ξ0,ξ
(iii) For all δ ∈ N, l, l1, l2 ∈ N∗, let Blδ = B
(l;1,1)
0,δ,1,1, B
l1,l2
δ = B
(l1,l2;1,N,1)
0,δ,1,1
(iv) For l ∈ N∗, δ ∈ N, ξ˜µN (K), let B
l
δ,ξ(ξ˜) = B
(l;ξ˜,1)
0,δ,N,ξ.
(v) We omit ξ0, ξ in all the notations if N = 1.
We note that if N 6= 1, the coefficients B depend on the N -th roots of unity via rational functions in
Z[T1, . . . , TN−1,
1
T1
, . . . , 1
TN−1
, 1
T1−1
, . . . , 1
TN−1−1
]. This type of expression already appeared in [J I-1], §3.
3.3. Formulas on adding and multiplying upper bounds of the domain of summations. We
write some analogues for cyclotomic multiple harmonic sums of some basic rules of computation on
iterated integrals (more details on this analogy will appear in [J II-3]).
Notation 3.3.1. In the next statements, the abbreviation i.c.p. stands for increasing connected partition,
in the sense of Definition 3.1.8.
3.3.1. Addition of upper bounds of domains of summation. We want to relate harm+m′ to harm and
harm′ , for any m,m
′ ∈ N∗. If we stay in the N -th cyclotomic field, what we obtain is a formula for the
"splitting" of the domain of summation of localized cyclotomic multiple harmonic sums.
Proposition 3.3.2. Let m,m0 ∈ N∗, such that m0 < m. Let m˜1 < . . . < m˜r ∈ {m0, . . . ,m − 1}. We
also denote by m˜0 = m0 and m˜r+1 = m. Then we have, for all harmonic words w =
(
(ni)d; (ξi)d+1
)
:
(3.3.1) hm0,m(w) =
∑
0≤r˜≤r
1≤i1<...<ir˜≤d
1≤i˜1<...<i˜r˜≤r
{1,...,d}−{i1,...,ir˜}=S0∐...∐Sr i.c.p.
r˜∏
i˜=1
1
m˜
ni
i˜
i˜
m−1∏
a=0
hm˜a,m˜a+1(w|Sa).
Proof. For each (m1, . . . ,md) in the domain of summation ∆
N
d
m0,m
of hm0,m, we let {i1, . . . , ir˜} = {i ∈
{1, . . . , d} | mi ∈ {m˜1, . . . , m˜d}}, and {i˜1, . . . , i˜r˜} = {i˜ ∈ {1, . . . , r} | m˜i˜ ∈ {m1, . . . ,md}}, with i1 <
. . . < ir and i˜1 < . . . < i˜r˜. In particular, mii˜ = m˜i˜. 
Example 3.3.3. Equation (3.3.1) in the case r = 1 is
(3.3.2) hm0,m
(
(ni); (ξi)
)
d
=
d∑
i1=1
hm0,m˜1
(
(ni); (ξi)
)
i1
hm˜1,m
(
(ni+i1); (ξ
ji+i1 )
)
d−i1
+
d∑
i1=1
1
m˜
ni1
1
hm0,m˜1
(
(ni); (ξi)
)
i1−1
hm˜1,m
(
(ni+i1); (ξ
ji+i1 )
)
d−i1
.
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3.3.2. Multiplication of upper bounds of domains of summation. We now want to relate harmm′ to harm
and harm′ , for any m,m
′ ∈ N∗. If we stay in the N -th cyclotomic field, what we obtain is the following
formula, which express the Euclidean division by m of the coordinates of elements of the domain of
summation of harmm′ . In the next statement, we use the convention that harm0,m(∅) = 1.
Proposition 3.3.4. For all harmonic words w =
(
(ni)d; (ξi)d+1
)
, we have :
(3.3.3) harµm0,µm(w) =
∑
0≤r˜≤m−1
1≤i1<...<ir˜≤d
1≤i˜1<...<i˜r˜≤m−1
{1,...,d}−{i1,...,ir˜}=S0∐...∐Sm−1 i.c.p.
r˜∏
i˜=1
1
i˜nii˜
m−1∏
a=0
harµa,µ(a+1)(w|Sa ).
Proof. By applying Proposition 3.3.2 to hµm0,µm and {m˜1, . . . , m˜r} = {µ, 2µ, . . . , (m− 1)µ}. 
Example 3.3.5. (i) If w has depth one, the right-hand side of (3.3.3) has two terms : this corresponds
the partition ∆N
1
µm0,µm
= {µ|m1} ∐ {µ ∤ m1}.
(ii) If w has depth two, the right-hand side of (3.3.3) has five terms ; this corresponds to the partition
∆N
2
µm0,µm
=
{
µ|m1, µ|m2
}
∐
{
µ ∤ m1, µ ∤ m2,
[
m1
µ
]
=
[
m2
µ
]}
∐
{
µ ∤ m1, µ ∤ m2,
[
m1
µ
]
<
[
m2
µ
]}
∐{
µ|m1, µ ∤ m2
}
∐
{
µ ∤ m1, µ|m2
}
.
4. The pro-unipotent harmonic action of series
We construct a “localized pro-unipotent harmonic action of series” ◦Σhar,loc (Proposition-Definition
4.1.4) and a “map of delocalization” deloc (Proposition-Definition 4.2.2). We give explicit formulas for
these two maps ; the most significative one combinatorially is the formula for deloc (Proposition 4.2.8).
Composing these two maps gives the pro-unipotent harmonic action of series (Proposition-Definition
4.3.1) and proves the “series” part of the theorem.
4.1. The localized pro-unipotent harmonic action of series. We need first a p-adic formula for
shifting the bounds of the domain of summation of a cyclotomic multiple harmonic sums.
Definition 4.1.1. For w = ((ni); (ξi))d+1 a harmonic word and l1, . . . , ld ∈ N, let shftl1,...,ld(w) =
((ni + li)d, (ξi)d+1).
Lemma 4.1.2. Let m0,m, δ ∈ N. Assume that |δ|p < |m′− δ|p for all m′ ∈ {m0, . . . ,m} ; then we have,
for all harmonic words w,
harm0+δ,m+δ(w) =
∑
l1,...,ld>0
( d∏
i=1
δli
(
−ni
li
))
harm0,m(shftl1,...,ld(w)).
Proof. We make the change of variable (m1, . . . ,md) = (m
′
1+ δ, . . . ,m
′
d+ δ) in the domain of summation
∆N
d
m0,m
, and we write the power series expansion (m′i + δ)
−ni = m′i
−ni∑
li≥0
(
−ni
li
)(
δ
m′
i
)li
for all i ∈
{1, . . . , d}. 
The next proposition continues in K the computation of Proposition 3.3.4, assuming µ = pα.
Definition 4.1.3. Let K〈〈e0∪µN 〉〉
Σ
har,o(1) ⊂ K〈〈e0∪µN 〉〉
Σ
har be the subset of elements f such that for all
sequence (wl)l∈N of words of bounded depth and such that weight(wl) →
l→∞
∞, we have
∑
l>0
|f [wl]|p <∞.
Below we use the notation g ◦Σhar f = ◦
Σ
har(g, f).
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Proposition-Definition 4.1.4. Let the localized p-adic pro-unipotent harmonic action of series of P1 \
{0, µN ,∞} be the map
(4.1.1) ◦Σhar,loc : K〈〈e0∪µN 〉〉
Σ
har,o(1) ×
(
K〈〈eloc0∪µN 〉〉
)N
→
(
K〈〈e0∪µN 〉〉
)N
(g, h) 7→ g ◦Σhar,loc h =
∑
0≤r˜≤m−1
1≤i1<...<ir˜≤d
1≤i˜1<...<i˜r˜6m−1
{1,...,d}−{i1,...,ir˜}=S0∐...∐Sm−1 i.c.p.
∑
lI1 ,...,iId−r˜>0
(
d−r˜∏
t=1
(
−ni
li
)
h(−
∑
i∈S0
li, . . . ,−
∑
i∈SM1−1
li, ni1 ,−
∑
i∈M1
li, . . . ,−
∑
i∈M2−1
li, . . . , nir˜ ,−
∑
i∈Mr
li, . . . ,−
∑
i∈Mr+1−1
li, )
×
m−1∏
a=0
g(shftl1,...,ld(w)|Sa )
)
,
where M1, . . . ,Mr are such that SMi ∐ SMi+1 ∐ . . .∐ SMi+1−1 =]il, il+1[. Then we have
(4.1.2) harpαN = harpα ◦
Σ
har,loc h
(pα)
N,loc
Proof. We write Proposition 3.3.4 in the particular case µ = pα, and we apply Lemma 4.1.2 to the factors
harµa,µ(a+1)(w|Sa ) in the right-hand side of equation (4.4.3), with δ = p
αa. 
Example 4.1.5. In depth one and two and if N = 1, for all m,n, n1, n2 ∈ N∗, for any g and h =
(hm)m∈N∗ ,
(4.1.3) (g ◦Σhar,loc h)m(n) = hm(n) +
∑
l1∈N
mnhl1(n)
(
−n
l1
)
g(n+ l1),
(4.1.4) (g ◦Σhar,loc h)m(n1, n2) = hm(n1)
∑
l2>0
hm(l2)
(
−n2
l2
)
g(n2 + l2)+
hm(n1, n2) +
∑
l1,l2≥0
2∏
i=1
(
−ni
li
)
mni ×
[
hm(−l1 − l2)g(n1 + l1, n2 + l2) + hm(−l1,−l2)
2∏
i=1
g(ni + li)
]
+mn1+n2
[∑
l2≥0
g(n2 + l2)
(
−n1
l1
)
hm(−l1, n2)−
∑
l2≥0
g(n2 + l2)
(
−n2
l2
)
hm(n1,−l2)
]
.
4.2. The delocalization of localized cyclotomic multiple harmonic sums. We show that localized
cyclotomic multiple harmonic sums hm0,m(w) can be expressed as linear combinations of cyclotomic
multiple harmonic sums over a ring of explicit polynomial-exponential functions of (m0,m). This is a
series analogue of the fact that an iterated integral of any differential forms on P1 \ {0, µN ,∞} can be
related to iterated integrals of dz
z
, dz
z−ξ , ξ ∈ µN (K).
4.2.1. Definition of the localization map and recursive formula.
Definition 4.2.1. For w =
(
(ni)d; (ξi)d+1
)
a localized harmonic word, let Sign−(w) = {i ∈ {1, . . . , d} | ni <
0}, and Sign+(w) = {i ∈ {1, . . . , d} | ni > 0}.
Below we use the notations of Definition 2.3.1 and Definition 3.1.5
Proposition-Definition 4.2.2. of the following linear map deloc, defined by induction on the depth
as follows. Let hm0,m(w) =
∑
w′
harm0,m(w
′)Pw′(m0,m) is the equality obtained by applying equation
(3.2.1) to hm′0,m′(w|[iC ,jC ]) for all [iC , jC ] connected components of Sign
−(w) and summing over all
the appropriate (m′0,m
′) (Pw′ is a polynomial-exponential function of (m0,m)). We let, for any w ∈
Wdlochar(e0∪µN ),
deloc(w) = (
∑
w′
loc(w′)Pw′(m0,m))(m0,m)∈N2,m0<m.
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Then, deloc is well-defined and its dual restricted to the terms m0 = 0, deloc
∨ : (K〈〈e0∪µN 〉〉
Σ
har)
N −→
(K〈〈e0∪µN 〉〉
Σ
har,loc)
N, satisfies :
(4.2.1) deloc∨ har
(pα)
N
= h
(pα)
N,loc.
Proof. This follows from the computation of totally negative cyclotomic multiple harmonic sums (Proposition-
Definition 3.2.2) and from the fact that, with the notations of the statement we always have depth(w′) <
depth(w). 
Example 4.2.3. In depth one and two and if N = 1, for all l1, l2 ∈ N, n1, n2 ∈ N∗, m ∈ N∗, we have
deloc(−l1, n2)0,m =

l1+1∑
δ1=1
Bl1δ1
(
n2 − δ1
)
if l1 + 1 6 n2
n2−1∑
δ1=1
Bl1δ1
(
n2 − δ1
)
+
l1−n2+1∑
δ˜1=0
δ1−n2+1∑
δ2=1
Bl1δ1B
δ1−n2
δ2
mδ2 if l1 + 1 > n2
deloc(n1,−l2)0,m =

l2+1∑
δ=1
Bl2δ m
l2
(
n1
)
−
l2+1∑
δ2=1
Bl2δ
(
n1 − δ2
)
if l2 + 1 < n1
l2+1∑
δ=1
Bl2δ m
l2
(
n1
)
−
n1−1∑
δ2=1
Bl1δ2
(
n1 − δ2
)
−
l2−n1+1∑
δ˜2=0
δ˜2+1∑
δ1=1
B
(l2−n1)+n1
δ˜2+n1
Bδ˜2δ1m
δ1 if l2 + 1 > n1
4.2.2. Closed formula for the localization map.
Definition 4.2.4. For w ∈ Wdlochar(e0∪µN ), let T (w) be the finite tree built inductively as follows : the
root of the tree is labeled by (Sign−(w), Sign+(w)) and, for each vertex V of the tree labeled by a couple
of parts (S−, S+) of {1, . . . , d}, if S− 6= ∅ then, for each P ⊂ ∂S+(w), we draw an arrow starting from V
to a new vertex V ′, and we label V ′ by the couple (P, S+ − P ).
Clearly T (w) depends only on the couple (Sign−(w), Sign+(w)).
Example 4.2.5. The trees T (w) with w of depth 1 are (1)− and (1)+. The trees T (w) with w of depth
2 are (12)− (12)+, and the two following ones :
(1)+(2)−
(1)+ (1)−
(1)−(2)+
(2)+ (2)−
The trees T (w) with w of depth 3 are (123)+, (123)−, and the six following ones :
(12)−(3)+
(3)+ (3)−
(1)+(23)−
(1)+ (1)−
(1)−(23)+
(23)+ (2)−(3)+
(3)+ (3)−
(12)+(3)−
(12)+ (1)+(2)−
(1)+ (1)−
(1)−(2)+(3)−
(2)+ (2)−
(1)+(2)−(3)+(13)+ (13)−
(1)+(3)− (1)−(3)+(1)+
(1)− (3)+
(3)−
We now consider paths from the root to the leaves of a T (w).
Definition 4.2.6. For w ∈Wdlochar(e0∪µN ), let P(w) be the set of sequences of nodes
(
(S−i , S
+
i )i=0,...,u in
T (w) whose first element is the root, whose last element is the leaf, and such that for all i, the i-th node
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in the sequence is the son of the (i− 1)-th node in the sequence.
For all
(
(S−i , S
+
i )i=0,...,u ∈ P(w), let us denote by
(i) [a−1,i, b
−
1,i] ∐ . . . ∐ [a
−
r−
i
,i
, b−
r−
i
,i
] resp. [a+1,i, b
+
1,i] ∐ . . . ∐ [a
+
r+
i
,i
, b+
r+
i
,i
] the canonical increasing connected
partition of each S−i resp. S
+
i
(ii) {A−1,i+1, . . . , A
−
t
A,−
i+1 ,i+1
} = {a−1,i−1, . . . , a
−
r−
i
,i
−1}∩S−i+1, {A
+
1,i+1, . . . , A
+
t
A,+
i+1 ,i+1
} = {a−1,i−1, . . . , a
−
r−
i
,i
−
1} ∩ S+i+1, {B
−
1,i+1, . . . , B
−
t
B,−
i+1
,i+1
} = {b−1,i + 1, . . . , br−
i
,i + 1} ∩ S
−
i+1, {B
+
1,i+1, . . . , B
+
t
B,+
i+1
,i+1
} = {b−1,i +
1, . . . , br−
i
,i + 1} ∩ S
+
i+1
(iii) x1,i, . . . , xyi,i the connected components of ∂S
+
i which are singletons, and {x1,i, . . . , xi,ti} = ∂S
+
i −
S−i+1, with x1,i < . . . < xi,ti .
Definition 4.2.7. For each w = ((ni)d, (ξi)d+1) localized harmonic word, for each element of P(w) as
above, and δ, sequence of variables in N, and j0, j sequences of functions with values in {1, . . . , N}, let
w[i](δ, j0, j) = (n
[i]
a+
1,i
, . . . , n
[i]
b+
1,i
, . . . . . . , n
[i]
a+
r
+
i
,i
, . . . , n
[i]
b+
r
+
i
,i
; ξ
[i]
a+
1,i
, . . . , ξ
[i]
b+
1,i
, . . . . . . , ξ
[i]
a+
r
+
i
,i
, . . . , ξ
[i]
b+
r
+
i
,i
) where
(i) (n
[i]
a+
1,i
, . . . , n
[i]
b+
1,i
, . . . . . . , n
[i]
a+
r
+
i
,i
, . . . , n
[i]
b+
r
+
i
,i
)(δ) =(
na+1,u
−
∑
x∈∪i
i′=1
(∂S+
i′
−S−
i′+1
)
s.t. x<a+
1,i
δx, na+
1,i
+1, . . . , nb+
1,i
−1, nb+
1,i
−
∑
x∈∪i
i′=1
(∂S+
i′
−S−
i′+1
)
s.t. b+
1,i
<x<a+
2,i
δ0,x, . . . . . .
. . . . . . , na+
r
+
i
,i
−
∑
x∈∪i
i′=1
(∂S+
i′
−S−
i′+1
)
s.t. b+
r
+
i
−1,i
<x<a+
r
+
i
,i
δx, na+
r
+
i
,i
+1, . . . , nb+
r
+
i
,i
−1, n
+
b
r
+
i
,i −
∑
x∈∪i
i′=1
(∂S+
i′
−S−
i′+1
)
s.t. b+
r
+
i
,i
<x
δx
)
.
(ii) (ξ
[i]
a+
1,i
, . . . , ξ
[i]
b+
1,i
, . . . . . . , ξ
[i]
a+
r
+
i
,i
, . . . , ξ
[i]
b+
r
+
i
,i
)(δ, j0, j) =(
ξa+1,u
∏
1≤i′≤i−1
b−
f,i′
<a+
1,i
ξ
j(w[i
′]|
[a
−
f,i′
,b
−
f,i′
]
)
, ξa+
1,i
+1, . . . , ξb+
1,i
−1, ξb+
1,i
∏
1≤i′≤i−1
b+
1,i
<a−
f,i′
<b−
f,i′
<a+
2,i
ξ
j0(w
[i′]|
[a
−
f,i′
,b
−
f,i′
]
)
, . . . . . .
. . . . . . , ξa+
r
+
i
,i
∏
1≤i′≤i−1
a
r
+
i
,i
<a−
f,i′
<b−
f,i′
<a+
r
+
i
,i
ξ
j(w[i
′]|
[a
−
f,i′
,b
−
f,i′
]
)
, ξa+
r
+
i
,i
+1, . . . , ξb+
r
+
i
,i
−1, ξ
+
b
r
+
i
,i
∏
1≤i′≤i−1
a+
r
+
i
,i
<a−
f,i′
ξ
j0(w
[i′]|
[a
−
f,i′
,b
−
f,i′
]
)
)
.
Proposition 4.2.8. For any w =
(
(ni)d, (ξi)d+1
)
, and m0,m ∈ N with m0 < m, we have :
(4.2.2) deloc(w)m0,m =
∑
(S−
i
,S+
i
)i=0,...,u∈P(w)
∑
j0(w
[i]|[a
−
f,i
,b−
f,i
]),j(w[i]|[a
−
f,i
,b−
f,i
])∈{1,...,N}
δ
0,A
+
1,i+1
6n
[i]
A
+
1,i+1
−1,...,δ
0,A
+
t
A,+
i+1
,i+1
6n
[i]
A
+
t
A,+
i+1
,i+1
−1
δ
B
+
1,i+1
6n
[i]
B
+
1,i+1
−1,...,δ
B
+
t
B,+
i+1
,i+1
6n
[i]
B
+
t
B,+
i+1
,i+1
−1
δ
0,A
−
1,i+1
>n
[i]
A
−
1,i+1
,...,δ
0,A
−
t
A,−
i+1
,i+1
>n
[i]
A
−
t
A,−
i+1
,i+1
δ
B
−
1,i+1
>n
[i]
B
−
1,i+1
,...,δ
B
−
t
B,−
i+1
,i+1
>n
[i]
B
−
t
B,−
i+1
,i+1( ∏
06i6u−1
16f6r−
i
B
w[i]|
[a
−
f,i
,b
−
f,i
]
δ0,δ,j0(w[i]|[a
−
f,i
,b−
f,i
]),j(w[i]|[a
−
f,i
,b−
f,i
])
)
m
n
[u]
a
+
1,u
0 m
n
[u]
a
+
r
+
u ,u (ξ
[u]
a+1,u
)m0(ξ[u]a
r
+
u
,u)
mw
[u]
+ (δ, j0, j).
Proof. By induction using Proposition 4.2.2. 
4.3. The pro-unipotent harmonic action of series. We combine §4.1 and §4.2 and we prove equation
(0.3.2). In the next statement, we use the notation g ◦Σhar f = ◦
Σ
har(g, f).
22
Proposition-Definition 4.3.1. Let the p-adic pro-unipotent harmonic action of series for P1\{0, µN ,∞}
be the map
(4.3.1) ◦Σhar = ◦
Σ
har,loc ◦ (id× loc
∨) : K〈〈e0∪µN 〉〉
Σ
har,o(1) ×
(
K〈〈e0∪µN 〉〉
Σ
har
)N
→
(
K〈〈e0∪µN 〉〉
Σ
har
)N
.
Then ◦Σhar is continuous for the ND-topology and satisfies equation (0.3.2).
Proof. This follows from equation (4.1.2) and equation (4.2.1). The convergence of the series involved
follows from the bounds on the p-adic valuations of the coefficients B (Proposition-Definition 4.2.2). The
continuity is clear. 
Joining the formula for ◦Σhar,loc (Proposition-Definition 4.1.4) and the formula for deloc (Proposition
4.2.8) we have a formula for ◦Σhar.
Example 4.3.2. In depth one and two and if N = 1, for all n ∈ N∗, n1, n2 ∈ N∗, for any g and
h = (hm)m∈N,
(4.3.2) (g ◦Σhar h)(n) = h(n) +
∑
l>1
mn+l
∑
l1≥l−1
Bl1l
(
−n
l1
)
g(n+ l1),
(4.3.3) (g ◦Σhar h)m(n1, n2) = h(n1, n2) +∑
t>1
mn1+n2+t
[ ∑
l1,l2>0
l1+l2>t−1
Bl1+l2t
2∏
i=1
(
−ni
li
)
g(n1 + l1, n2 + l2) +
∑
l1,l2>0
l1+l2>t−2
Bl1,l2t
2∏
i=1
(
−ni
li
)
g(ni + li)
]
+
∑
16t6n2−1
l1>t−1
mn1+thm(n2 − t)B
l1
t
(
−n1
l1
)
g(n1 + l1)−
∑
16t6n1−1
l2>t−1
mn2+thm(n1 − t)B
l2
t
(
−n2
l2
)
g(n2 + l2)
−mn2+n1
[ ∑
l1>n2−1
Bl1n2
(
−n1
l1
)
g(n1 + l1)−
∑
l2>n1−1
Bl2n1
(
−n2
l2
)
g(n2 + l2)
]
+
∑
t′≥1
nt
′
[ ∑
t>n2+t
′−1
l1>t−1
Bt−n2t′ B
l1
t
(
−n1
l1
)
g(n1 + l1)−
∑
t>n1+t
′−1
l2>t−1
Bt−n1t′ B
l2
t
(
−n2
l2
)
g(n2 + l2)
]
.
Definition 4.3.3. Let the harmonic Frobenius of series, iterated α times, be the map
(φαhar)
Σ :
(
K〈〈e0∪µN 〉〉
Σ
har
)N
→
(
K〈〈e0∪µN 〉〉
Σ
har
)N
f 7→ harpα ◦Σhar σ
α(f)
.
With Definition 4.3.3, equation (0.3.2) is restated as
(4.3.4) (φα)Σhar(harN) = harpαN .
5. Comparison between results on integrals and on series
We relate the computations on integrals (§1,§2) and the computations on series (§3,§4). We prove the
part “comparison between integrals and series” of the theorem.
5.1. Maps of comparisons from integrals to series and from series to integrals. In order to relate
the pro-unipotent harmonic action of integrals ◦∫har (Proposition-Definition 2.2.2) and the pro-unipotent
harmonic action of series ◦Σhar (Proposition-Definition 4.3.1), we need firstly to extend the definition of
◦∫har.
Proposition-Definition 5.1.1. (i) K〈〈e0∪µN 〉〉
N
o(1) equipped with (gξ′)ξ′∈µN (K) ◦
∫0,0 (fξ)ξ′∈µN (K) =
(fξ(e0, (gξ′)ξ′∈µN (K)))ξ∈µN (K) is a topological group for the ND-topology.
(ii) The map K〈〈e0∪µN 〉〉
N
o(1) ×K〈〈e0∪µN 〉〉 → K〈〈e0∪µN 〉〉, (hξ)ξ∈µN (K) ◦
∫0,0
Ad f = f(e0, (hξ)ξ∈µN (K)) is a
continuous action of the group K〈〈e0∪µN 〉〉
N
o(1), for the ND-topology.
(iii) Let the extended pro-unipotent harmonic action of integrals be the following map
◦∫har,U :
K〈〈e0∪µN 〉〉
N
o(1) × (K〈〈e0∪µN 〉〉
∫
har)
N → (K〈〈e0∪µN 〉〉
∫
har)
N(
(gξ)ξ∈µN (K), (hm)m∈N
)
7→ g ◦∫har (hm)m∈N =
(
lim
(
(τ(m)(gξ))ξ∈µN (K) ◦
∫0,0
Ad hm
))
m∈N
.
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◦∫har,U is well-defined and is a continuous group action of the topological group (K〈〈e0∪µN 〉〉
N
o(1), ◦
∫0,0).
Proof. (i) and (ii) : the algebraic properties follow from the associativity of the composition of non-
commutative formal power series, and the continuity follows as in §1 ; the topological properties follow
from equation (1.2.1).
(iii) Same with the proof of Proposition 2.2.6. 
By considering (0.3.1) and (0.3.2), we can now define the maps of comparison between series and
integrals.
Definition 5.1.2. Let comp∫ Σ = (comp∫ Σξ )ξ∈µN (K) : K〈〈e0∪µN 〉〉har,o(1) → K〈〈e0∪µN 〉〉
N
o(1) be the map
defined as follows : for all gΣ, and whar =
(
(ni)d, (ξi)d+1), and w = eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ,
(comp∫ Σξ gΣ)[e
l
0eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] is the coefficient of hm0,m(∅)ξ
−jmml in the formula for gΣ◦Σharh,
comp∫ Σξ gΣ[e0] = 0 and all other coefficients of comp
∫ Σ
ξ gΣ are deduced by applying the relation of shuffle
modulo products.
One can read a formula for comp∫ Σ via the expression of ◦Σhar explained in §5.3. We note that writing
that formula requires to make a distinction between the words as above for which l > 0 and those for
which l = 0.
Definition 5.1.3. Let compΣ ∫ : K〈〈e0∪µN 〉〉
N
o(1) → K〈〈e0∪µN 〉〉har,o(1) be defined by
(compΣ ∫ ((gξ)ξ∈µN (K)))[eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ] = (−1)
d
∑
ξ∈µN (K)
ξ−p
α
gξ[
1
1−e0
eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ].
We can now prove equation (0.3.3) which relates ◦Σhar and ◦
∫
har.
Proof. The proof is by induction on the depth. Let us mention the two main ingredients of the proof and
leave the details to the reader :
(a) ◦Σhar is compatible with restrictions on the domain of summation; namely, the term of ◦
Σ
har corre-
sponding to a domain of summation of bounds (m0,m) and depth d can be computed by computing the
term (m′0,m
′) for any m0 < m
′
0 < m
′ < m and depth d′ 6 d, and summing over (m′0,m
′)’s and d′.
(b) For any ξ ∈ µN (K), g ∈ Π˜1,0(K), Adg(ξ)(eξ) satisfies the shuffle equation modulo products and
Adg(ξ)(eξ)[e0] = 0 ; this implies a formula for all its coefficients in terms of those at words whose right-
most letter is not e0 :
Adg(ξ)(eξ)[e
nd−1
0 eξd . . . e
n1−1
0 eξ1e
r
0] =
∑
l1,...,ld>0
l1+...+ld=r
d∏
i=1
(
−ni
li
)
Adg(ξ)(eξ)[e
nd+ld−1
0 eξd . . . e
n1+l1−1
0 eξ1 ].

We now prove equation (0.3.4), which relates the two comparison maps.
Proof. For all non-empty totally negative harmonic words w, by Proposition-Definition 3.2.2 and by
har0,1(w) = 0 (an iterated sum on an empty domain of summation is zero), we have
∑
δ∈N
Bwδ = 0. This
implies equation (0.3.4). 
We now deduce equation (0.3.5) and (0.3.6) which relate p-adic cyclotomic multiple zeta values and
prime weighted cyclotomic multiple harmonic sums.
Proof. (a) Equation (0.3.5) is a consequence of equations (0.3.1), (0.3.2), (0.3.4)) and the following
property.
Let E∫har ⊂
(
K〈〈e0∪µN 〉〉
∫
har
)N
be the subset introduced in the proof of equation (0.3.1) in §2.3.2. We have
proved in §2.3.2 that the action ◦∫har restricted to E
∫
har is free. This property remains true for the action
◦∫har,U of K〈〈e0∪µN 〉〉
N
o(1) introduced in Proposition-Definition 5.1.1 : indeed, the proof of that property
in §2.3.2 relies on Lemma 2.3.4, which remains true for the extension of ◦∫har introduced in Proposition-
Definition 5.1.1.
(b) Equation (0.3.6) is a direct consequence of equation (0.3.4) and (0.3.5). 
24
By equations (0.3.3) and (0.3.5), the harmonic Frobenius of integrals (Definition 2.3.5) and the har-
monic Frobenius of series (Definition 4.3.3) are equal, with the canonical identification K〈〈e0∪µN 〉〉
∫
har =
K〈〈e0∪µN 〉〉
Σ
har, and can be called “the harmonic Frobenius”, without ambiguity.
Remark 5.1.4. The formulas of the theorem can be extended to a formula for the Frobenius itself :
(i) A formula for Li†p,α in terms of series can be obtained by injecting equation (0.3.5) in equation (1.1.8).
This enables to interpret in terms of series the parameter l ∈ N∗ of the words el−10 eξd+1e
nd−1
0 eξd . . . e
n1−1
0 eξ1 ,
which we have suppressed when we have passed from the Frobenius to the harmonic Frobenius in §2.
(ii) Let r ∈ {1, . . . , pα − 1}. Then, for all w, harr+pαm[w] is a polynomial of values of harpαm and of
analytic functions of pαm whose coefficients are expressed in terms of harr.
We apply the formula of splitting at pαm (§4.2.2) to express harpαm+r in terms of harpαm and harpαm,pαm+r
; then, the formula of shifting (§4.2.3) to express harpαm,pαm+r as an analytic function of p
αm with co-
efficients expressed in terms of harr.
5.2. An adelic interpretation. Let us now consider all possible values of p and α at the same time : we
denote the field K of the previous paragraphs by Kp, and we let PN be the set of prime numbers that are
prime to N . Let also CN be the N -th cyclotomic field, embedded diagonally in
∏
(p,α)∈PN×N∗
Kp. In [J I-1],
Definition B.0.3, we have defined, for any positive integer d, a Z-module ĤarPN∗
N
,d as the image of the
map ̂O
x,e0∪µN ,d
Bound(d) →
∏
(p,α)∈PN×N∗
Kp which sends
∑
n>0
wn 7→
( ∑
n>0
harpα(wn)
)
(p,α)∈PN×N∗
; here, ̂O
x,e0∪µN ,d
Bound(d)
the set of formal infinite sums
∑
n∈N
wn where wn is a CN -linear combination of words of weight n and
depth 6 d with coefficients in {x ∈ CN | ∀p ∈ PN , vp(x) > −κd − κ′d log(n+ κ
′′
d)}, and κd, κ
′
d, κ
′′
d ∈ R
+∗
are constants defined by the computations of [J I-1]. For any positive integer d, the rational coefficients
in ths sums of series in depth 6 d which appear in §3, §4, §5 clearly satisfy the same bounds with those
of [J I-1], so we can keep the same constants κd, κ
′
d, κ
′′
d .
We now have not only a formula for p-adic cyclotomic multiple zeta values as a sum of series involving
prime weighted multiple harmonic sums (equation (0.3.5)), but also a converse formula of the same type
: equation (0.3.6).
Definition-Notation 5.2.1. (i) Let us denote by ẐΣ
PN
∗
N
,d
= ĤarPN∗
N
,d.
(ii) Let Ẑ∫
PN
∗
N
,d
be the image of the map ̂O
x,e0∪µN ,d
Bound(d) →
∏
(p,α)∈PN×N∗
Kp which sends∑
n>0
wn 7→
( ∑
n>0
ζp,α(wn)
)
(p,α)∈PN×N∗
.
We deduce a last result of comparison between integrals and series :
Corollary 5.2.2. We have Ẑ∫
PN
∗
N
,d
= ẐΣ
PN
∗
N
,d
.
Proof. The inclusion ⊂ is proved by [J I-1] or equation (0.3.5), combined to the relations between the
coefficients of Φp,α and Φ
−1
p,αe1Φp,α explained in [J Assoc]. The inclusion ⊃ follows from equation (0.3.6).

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